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ON THE MEASUREMENT OF THE HOLTON BASE, HOLTON, RIPLEY 
COUNTY, INDIANA, AND THE ST. ALBANS BASE, KANAWHA COUNTY, 
WEST VIRGINIA. 



PREFATORY NOTE. 

The two chains of the trausoontineutal triaugulation near the thirty-ninth paral- 
lel, which had been carried westward from Chesapeake Bay and eastward from the 
Mississippi, having reached a junction npon a line in the State of Indiana in Septem- 
ber, 1890, the measurement of a base of verilication became desirable. 

A reconnoissance made by Assistant A. T. Mosman xinder instructions from the 
Saperintendent for the purpose of finding a suitable site for this measurement, re- 
sulted, after a few examinations, in the selection of a locality near the town of Hol- 
ton, Kipley County, Indiana. • 

In the spring of 1891 preliminary arrangements for the measurement were begun 
by Mr. Mosman, to whom had been assigned the charge of the party and the gcnei-al 
direction of its operations. 

It was decided that this measurement should be conducted, in such a way as to 
obtain most thorough tests of the relative merits of several forms of base apparatus. 
To this end the charge bf the measurements with the metallic tajies and with the 
iced bar apparatus, and the experimenfal work with the 100-metre comparator was 
assigned to Assistant R. S. Woodward, while the conduct of the measurement with 
thenewsecondary contact-slide apparatus was committed to Assistant 0. H. Tittmaun. 

The reports from these oifioers which follow elucidate fully the methods of meas- 
urement adopted and their results. 

They are here published as prepared quite independently by Assistants Wood- 
ward and Tittmaun. Eafh contains the details required to enable the reader to form 
an independent judgment of the accuracy of the method employed antlto reach his 
own conclusions as to relative merits. It may he well, however, to invite attention 
to one or two inferences in relation to essential points, the correctness of which will 
be admitted, it is believed, by all who are familiar with the subject. 

It is evident that either of the two principal methods of base measurement de- 
scribed, namely, the use of the tape and the so-called "secondary apparatus, " will 
give an accuracy entirely sufficient for any^ demands likely to arise. In both cases 
it appears that the probable error derived from the range of diiferent measures is 
less than one part in one million, and it may safely be assumed that, including errors 
from all sources, a result true to one part in half a million can be reached. 

It is doubtless con-ect to say that no known method of base measurement aside 
from the twp here considered is capable-of giving as good results, when accuracy 
a,nd expense are both included. The use of an iced bar, applied to the measurement 
of considerable distances for the first time in the Holton Base, is rmquestionably the 
method of highest precision, and its cost is not believed to be greater than that of 
other methods in use in Europe, but it will not be found necessary to resort to it in 
ordinary practice, except for the purpose of standardization as here described. The 
metallic tape is not only capable of giving a result of great accuracy when in the 
hands of experts, but it is evidently the best device for rapid base measurement 
where no great precision is aimed at. As to the cost of the "tape-line method" and 
that of the "secondary apparatus," when the accuracy required is one part in from 
two hundred to five hundred thousand, there can be little difference. 
- Subsequent to the measurement of the Holton Base, a check base in West Virginia, 
known as the St. Albans Base, was measured by Assistant Woodward, the tape line 
being used and the conditions being such as to render it easy to determine ((uite 
accurately the cost of the work. 

The use of the secondary apparatus at Holton having been continuous, when it 
was once begun, the circumstances were such that a very good measure of the cost 
of that work is also possible. When these results are compared, it is found that 
under ordinary condittons both time and cost of the two methods would be essen- 
tially the same. Local peculiarities will therefore usually determine which method 
' shall be used. 

T. C. Mendenhall, 

Superintendent. 
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MEASUREMENT OF THE HOLTON BASE. 
I. EXTllACTS PROM' THE EBCORDS AND PROm THE REPORTS OF 

A. T. MosMAN, Assistant. 

LOCATION OF BASE LINE, MARKINGS, ETC. 

The primary base line in Eipley County, Ind., laid out by my party 
in October and November^ 1890, was located on the high and' nearly 
level table land between the towns of Holton and New Marion. Its 
length is 5,500 metres, and its direction is nearly north and south. In 
order to avoid the creek near its north end, it was swung to the west- 
ward from a true north and south line. 

North base is in Otter Creek Township, about 1 mile east of Holton, 
on the Ohio and Mississippi Eailroad. South base is in Centre Town- 
ship, and about half a mile north of the village of New Marion. 

The underground and surface marks placed to secure the ends of the 
base after the completion of the measurements were as shown in the 
accompaiiying sketch (illustration No. 30). The sub-surface mark was 
a copper bolt, set in a limestone post 6 inches square and 2i'eet long, 
which was Sunk in the earth till its top was 3 feet below the surface. 
At the intersection of cross lines cut on the top of the bolt, a fine hole 
one-quarter of an inch deep was drilled to mark the station point. 
Above and around the post, except for a space of 1 foot square imme- 
diately over it, is a layer of Portland cement concrete 1 foot thick and 
4 feet square. Upon this foundation rests a block of limestone 3 feet 
square and 30 inches high, having a copper bolt with cross and fine 
drill hole sunk into its top at the centre, this hole being the surface 
mark of the end of the base. 

To protect these surface marks from injury and to indicate conspicu- 
ously the ends of the base, limestone shafts were placed in position over 
them. The one at North Base had inscriptions on three of its faces, as 
shown in the illustration, and the one at South Base was similarly 
marked. 

All of the preparations for the actual measurement were completed 
early in June, 1891. These included the clearing of the line, the 
fencing of the camp ground, the j)itching of the tents twenty-two in 
number, the construction of a comparing house with railroad and track 
110 metres long, the setting of posts for microscopes, and the determina- 
tion of the height of North Base above sea level by levelings to the 
nearest bench mark of the transcontinental line of geodetic leveling. 
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No, 30 



Surface and Sub-surface Markings 
of the, Ends of the Holton Base, 
and Sketch of Monunvervt cut North Base. 
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Before the base apparatus arrived from Washington, section stones 
were set at 1,200, 2,100, 3,000, 4,000, and 5,000 metres from South Base 
and carefully aligned. Stones were also set at 3,000 and 4,900 metres 
to mark the ends of the kilometre intended to be measured with the 
standard bar encased in ice. These section stones were cubical blocks 
of limestone, 1 foot in each dimension, and set in beds of concrete 15 
inches scfuare and 15 inches deep. In the top of each stone was secured 
a copper bolt, 1 inch ifl. diameter and 3 inches long, with a fine cross 
cut on its head. The levels run along the line from North Base to South 
Base made each of these section stones a bench mark well determined 
in height above sea level. The comparing hous^, with railroad and 
track 100 metres long, and posts for microscopes, was finished. 

BEGINNING AND PROGRESS OP THE MEASUREMENTS. 

On July 27, 1891, the instruments were unpacked and prepared for 
work, by Assistants Tittmann and Woodward, and on the 28th a meas- 
urement of the base was begun by Assistant 'iittmann at A South 
Base. His party consisted of 4 officers, beside himself, and 4 men, and 
they were employed for thirteen and one-half days in making two com- 
plete measures of the base, besides two additional measures of the 
kilometre, between stones at 3,900 and 4,900 metres from South Base, 
laid out to be measured by the standard bar in ice, the second measure 
having been finished on August 13. 

During this time Assistant Woodward, assisted by Mr. Siebert and 
one or two hands, was engaged in experiments with iced bar and tapes 
in the comparing house. 

On August 14 he began setting posts on the kilometre for supporting 
the portable track, and the microscopes, using all of the available force 
of laborers. Owing to continual rains, the ground was saturated with 
moisture and the work was much delayed. Stakes for supporting the 
tape during measurement were also set, at 10 metres apart, the whole 
length of the base line by Assistant Woodward, and some parts of the 
line were made ready for tape measurement, and on August 28, 29, and 
31, and September 1 and 2, measurements were made by ofiBcers alone, 
and on September 8, 16, 17, 18, 23, and 28, and October 1, 2, 3, 7, and 8, 
measurements were made, usually at night, with a full force of officers 
and men. 

The first measure of the kilometre, with standard bar in ice, was 
begun by Assistant Woodward on September 10 and continued OJi the 
11th, ,14th, 15th, 26th, 28th and 29th. 

Experimental measurements were made by Assistant Tittmann with 
the secondary apparatus, on August 17, 18, 22, 25 and 26, and September 
3, 7, and 8. He measured 100 metres of the kilometre with this 
apparatus on the 21st and 22d, and made measures of the whole kilo- 
metre with secondary apparatus on September 24 and 25, and October 5. 
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I must refer you to the reports of Assistants Woodward and Titt- 
mann for the details of the work, and the results obtained by each 
method. 

COST OF THE DIFFERENT OPERATIONS AND EXPERIMENTS. 

A record, as nearly as possible, was kept of the number of days spent 
in each operation, with the number of ofidcers and men employed each 
day, and an attempt is made in the table which follows to give the com- 
parative cost, calling each officer or man employed one day one day's 
work, and the results are expressed in day's work of one officer or man. 

In regard to the time spent in preparing the standard kilometre for 
measurement, and the time spent in setting stakes, there was neces- 
sarily some confusion, as frequently some of the party would be at 
work on each of these operations on the same day, but the result given 
is believed to be substantially correct. 

The time spent in measures with the tape could not be absolutely 
fixed; as the measures were made sometimes for a few hours in the 
night with a detail of officers alone, sometimes with officers and men 
in the day or night, and no complete measurement of the whole base 
with the tape was ever made but only by parts, several times repeated. 

Measuremeuts were made on fourteen different days or nights, and 
assuming that each measurement took one-half day's time of each 
officer and man employed we would have sixty-nine and one-half days 
for one man spent in tape measure. 

Distances of from 300 metres to 4,800 metres were measured at one 
time, mostly at night, and when men were employed we paid them 
for one-half a day's work. 

Holton base line, 1891. Time spent on the different operations. 



Kind of operation. 



Building ice-house , 

Building comparing house and laying track 
Opening lines and setting section stones 
Leveling from Delaware to base line, two officers 
Leveling from Osgood to A Correct and ^ Reizin, three officers 
Measuring base twice and two extra measures of the standard kilo- 
metre with secondary apparatus 
Testing length of bars of secondary apparatus in comparing house 
Measuring kilometre with secondary apparatus, twice 
Measuring loo metres of kilometre with secondary apparatus 
Experiments in comparing house with iced bar and tapes 
Preparing kilometre for measurement with iced bar 
Measurement of kilometre \Vith iced bar 
Setting stakes and preparing for tape measurement 
Measurements of parts of base with tapes fourteen different days or 

nights, or —-^ days 



Day's 
work of 
one man. 



9 

67* 
IS 
II = 22 
8 = 24 

I2I|^ 

18 
18 

65 
114 

35 
69*' 
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SERVICES RENDERED. 

Assistant E. S. Woodward had entire charge of all measurements 
with tape and standard bar and all experiments conducted with them 
in the comparing house and on the base line, including measurements 
with standard bar in ice of the kilometre. I refer you to his report for 
details of methods, description of the instruments Used, and discussion 
of the results. Assistant Woodward joined the party on July 22 and 
left on October 12. 

Assistant O. H. Tittmann joined the party on July 22 and left on 
October 8. He had full charge of all measurements and experimients 
made with the secondary apparatus on the base line, including kilo- 
metre, and in the comparing house, and he has presented to you a very 
full and complete report of all the work done by him. 

Prof. J. H. Gore joined the party on' June 20 and left on September 
14. He rendered very eflflcient service while with the party in assist- 
ing in the measurements with the secondary apparatus ; also with those 
made by Assistant Woodward with the tape. He had charge of the 
leveling party -determining the heights of Versailles court-house and 
the A's Reizin and Correct, being assisted by Messrs. Gjertsen, Pen- 
nington, and Oope, recorders. 

Mr. John F. Hayford rendered very efftcient service in measurements. 
under Assistant Tittmann's charge and the computations pertaining 
thereto, also assisting in the measurements made with the steel tape 
and in the computation of the results. He joined the party on July 22 
and left on October 12. 

Mr. John S. Siebert, temporary aid, joined the party May 21 and 
assisted in the building of comparing house and railroad and in setting 
section stones along the base line. He had charge of the leveling 
from the B. M. at Delaware to A I^orth Base and A Glasgow. He 
assisted in aU the measurements and experiments made with tapes 
and standard bar in ice and in the computations. He remained till 
the close of work at the Holton base line, and performed all duties 
entrusted to him with accuracy, zeal, and intelligence. 

Recorders Th. Gjertsen, Robert Pennington, and Prank B: Qope 
were attached to the party during their summer vacation.' They ren- 
dered satisfactory service in the leveling operations, and also in meas- 
urements with the secondary apparatus. 

Mr. B. E'. Torrey, foreman, was attached to the party during the 
whole season, and, as usual, rendered most valuable service. 
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II. THE ICED BAR AND TAPE BASE APPARATUS AND RESULTS 
OF MEASURES MADE WITH THEM ON THE HOLTON AND ST. 
ALBANS BASES. 



By R. S. WooDWABD, Assistant. 
Sulbmitted for publication June 26, 1893. 
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LETTER OF Tr!ANS>riTTAL. 

United States Coast and Geodetic Surtet, 

Washington, D. G„ June 26, 1893. 

Sir : I have the honor to transmit herewith my complete report ou 
the Iced Bar and Tape Base Apparatus of the Survey, and on the re- 
sults obtained with them in the measurements of Holton and St. Albans 
bases. 

Since the attempt to use such forms of apparatus constitutes what 
some geodesists would consider a bold if not doubtful experiment, I 
have thought it desirable to give a pretty full account of them and of 
the measures made with them. Accordingly, all of the results obtained 
iu standardizing the apparatus and in measuring lines with them are 
given in detail. 

Although the critical reader will thus be able to form his own esti- 
mate of the character of^these forms of apparatus and of the work done 
with them, it may not be out of place here to state briefly what appear to 
me to be attainable limits of precision in measures made with each 
form. 

With respect to the iced-bar apparatus, it seems practically certain 
from our experience that a probable error of one five-millionth part in the 
length of the measuring bar is attainable, and that an equal precision 
will result in the mean of a few measures of a line made with the appa- 
ratus. This degree of precision has not been reached in work already 
done with the apparatus, but its attainment, should it be desirable, 
depends only on the removal of two obstacles. These are, in the order 
of their importance, 1st, the uncertainty in the length of the Prototype 
Metres at 0° C, and, 2d, the uncertainty from personal equation, due 
in the case of the Survey bar to inequality in the widths of its terminal 
graduations. 

With respect to the tape apparatus, it seems equally certain that a 
precision indicated by.a probable error of one two-millionth part of a 
measured line is an attainable limit. A probable error of one one-mil- 
lionth part appears to be easily and cheaply attainable with the long 
tapes after they are standardized. This would seem to be amply suffi- 
cient for the present purposes of geodesy, but the sole obstacle in the 
way of much higher precision, should it ever be deemed essential, is, I 
believe, the difficulty of measuring the tape's temperature. 

Very respectfully yours, 

E. S. Woodward, 

Assistant, Coast and Geodetic Survey. 
Dr. T. 0. Mendenhall, 

Superintendent Coast and Geodetic Survey. 

S. Ex. 37-23 337 
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chaptee i. 

Description op the Iced Bak Base Apparatus and its Appli- 
cation TO THE Measurement of Base Lines. 

(1) Historical Note. — The use of ice in thermometry to furnish a stand- 
ard temperature naturally suggests the availability of ice to fix the tem- 
perature of a standard of length when used in laboratory comparisons 
or in measuring base Unes. It does not appear, however, thait ice has 
been generally used even in laboratory work with standards of length,* 
and I am not aware that any attempt has been made hitherto to meas- 
ure a base with a bar whose temperature is controlled by means of 
melting ice. The feasibility of using such an apparatus in base meas- 
urement has, nevertheless, been suggested and maintained by several 
persons. One of the first, if not the first, to outliue a scheme for such 
an apparatus is, I believe, Mr. B. S. Wheeler, a former colleague on the 
IT. S. Lake Survey. Mr. Wheeler's plan is advocated by Prof. T. W.- 
Wright in his treatise on the Adjustment of Observations.t The late 
Capt. 0. O. Boutelle, of the U. S. Coast and G-eodetic Survey, also 
advocated the use of such apparatus. 

Soon after joining the U. S. Coast and Geodetic Survey in July, 1890, 
I was requested by Dr. Mendenhall, Superintendent, to devise means 
of testing in the most thorough way practicable the eflciency of the 
various forms of base apparatus used by the Survey, and especially the 
efficiency of long steel tapes or wires. Accordingly, considerable study 
was given to this subject during the autumn of 1890 and the winter of 
1890-'91, and the plans and specifications for the iced-bar apparatus 
considered in this paper were matured and approved early in the spring 
of 1891. It was constructed in Washington, partly by the machinists 
E. N. G-ray & Co., and D. Ballauf, and partly by the Instrument Di- 
vision of the Survey. 

Before proceeding to a description of the apparatus I desire to 
acknowledge my indebtedness to colleagues of the Survey for valuable 
suggestions and criticism. I am specially indebted to Mr. John S. Sie- 

* From publislied acconnts it would appear that the most extensive series of 
lahoratory comparisons of standards, 'vv'herein ice was used, are those of the U. S. 
Lake Survey, conducted under the superintendence of Gen. C. B. Comstock, Corps 
Engineers, U. S. Army. In these comparisons ice was successfully used during sev- 
eral years. See Professional Papers, Corps Engineers, U. S. Army, No. 24. 

tD. Van Nostraud, New York, 1884. See also Am. Jour. Science iii, vol. xxviu, 
p. 479. 
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Description of Iced Bar Base Apparatus. 
bert, who verified all of the preliminary calculations relative to the 
stability and efficiency of the apparatus, and who elaborated many of 
the designs and made most of the working drawings for its construc- 
tion. I am particularly indebted also to Mr. E. Gr. Fischer, chief me- 
chanician of the Survey, whose knowledge of and skill in mechanical 
appliances were frequently appealed to. Finally, it affords me pleas- 
ure to state that my friend, Mr. E. S. Wheeler, who has had extensive 
experience with base apparatus, happened to visit Washington about 
the time the plans for this apparatus were completed, and gave me 
the benefit of his advice and criticism. 

(2) General features of apparatus. — The iced-bar apparatus belongs to 
that type in which a single rigid bar is used as the element of length, 
along with micrometer microscopes to mark its successive positions. 
An idea of the nature of the apparatus may be gained from illustrations 
31 and 32. The first of these shows the apparatus as used on the 100" 
comparator of Holton base, described at length in section 2, Chapter iii. 
The other plate shows the apparatus as used on the standard kilo- 
metre of the same base. It will be seen that the measuring bar is 
carried in a trough, where it can be kept surrounded by melting ice. 
This trough is mounted on two cars, which move on tracks, stationary 
or portable; as the case may be. The microscopes, as shown in the 
illustrations, are mounted on wooden posts, which are ranged out and set 
firmly in the ground beforehand. This sort of support for the micro- 
scopes, though not essential to the apparatus, is convenient and economi- 
cal when a series of measures of the same line is to be made.. The 
microscopes are easily clamped to and detached from the posts, and are 
moved forward as the measure of a line progresses. The trough carry- 
ing the bar and ice load is likewise easily rolled forward on the cars 
along the tracks. 

The apparatus is 5™ long, so that the microscope posts are set 5'" 
apart. The supports for the car tracks are also set 5™ apart, but are 
placed half way between the microscope posts, so as to avoid trans- 
mitting disturbance to the latter through the ground. 

As shown in illustration No. 31, the apparatus on the 100" comparator 
was protected from the direct rays of the sun by a shed. For field- 
work, on the other hand, the microscopes were shielded by means of 
large umbrellas, as shown in illustration 'So. 32. 

The general features of the apparatus are thus apparent, and we may 
proceed to describe its parts in detaU. 

(3) The measuring bar. — The measuring bar of this apparatus is a 
rectangular bar of tire steel. It was rolled in the steel works at Lan- 
caster, Pa. It is 6-02"° long, 8"" thick, and 32"" deep. A cross section 
is shown at A in the accompanying illustration, p. 340. 

The upper half of the bar is cut away for about 2"" at either end to 
receive the graduation plugs of platinum-iridium, which are iuserted so 
that their upper surfaces lie in the neutral surface of the bar. Three 
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Hues are ruled on each of these plugs, two in the direction of and one 
transverse to the length of th e bar. These lines were ruled byJVIr. Louis 
A. Fischer, adjuster in the Oface of Standard Weights and Measures. 
The longitudinal lines, which serve to limit the parts of the transverse 
lines used, are 0-2""° apart. Although great pains were taken to have 




Y- TROUGH 

Scale — a 



these lines of the same width, the transverse lines differ widely, the 
narrower one being 16-3'' and the broader one 36'2'' wide. 

This bar is known in the Survey records as No. 17. It is designated 
in all the work done with it thus far as Bn. The end having the nar- 
rower transverse graduation mark is called the A end, 
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To secure alignment of the bar, eleven German silver plugs of 5""" 
diameter are inserted at iirtervals of 495"'™ along tlie bar, so that they 
project about 1°"" above its top surface. The upper surfaces of these 
plugs are all the same distance, within a few hundredths of a milli- 
metre,' from the neutral surface of the bar. On the top of each' plug is 
ruled a fine line in the direction of the bar, as shown at P in the illustra- 
tion. The length of the bar as regards alignment is deiined to be the 
distance between the transverse graduation marks when the upper 
surfaces of the alignment plugs are all in one plane and when the lines 
on these plugs are in one straight line. The means of securing these 
two adjustments are described below.* 

(4) The Y-Trough.-^The most important and distinctive part of this 
apparatus is the trough which supports the bar, keeps it aligned, and 
carries the ice load essential to control the bar's temperature. This 
trough is called the Y-trough by reason of the resemblance of its cross 
section to the letter Y. The drawing shows a cross section of this 
trough. It is made of two steel plates 5-14'" long, 25-5"'" wide, and 3"'™ 
thick. They are bent to the angle B D of the figure, and are riveted 
together as shown at E, thus making the angle of the trough B F= 
60°. The bar, sh^wn in cross section at A, is supported at every half 
metre of its length by saddles, one of which is shown in the figure. 
These saddles are rigidly attached to the sides of the trough by screws 
at S, S. Each saddle carries one vertical and two lateral adjusting 
screws as shown at V, L, L'. These screws serve to fix the alignment 
of the bar. The lateral adjusting screws of the saddles at the ends of 
the bar are of the same height, which is equal to that of the lower screw 
L' of the diagram. The lateral adjusting screws of the intermediate 
saddles on either side of the bar are alternately high and low. The 
object of this disposition is twofold, to wit : 1st, to prevent pinching the 
bar, which might more readily occur if the lateral screws were all oppo- 
site to one another; 2d, to afford means of rotating the bar slightly 
about its longitudinal axis, so that for a fixed and nearly vertical posi- 
tion of the trough the graduated surfaces of the bar may be made 
horizontal. The vertical adjusting screws of the saddles project, as 
shown in the diagram, below the vertex of the trough, and their capstan 
heads are accessible through slots cut in the web of the trough. These 
slots serve also as drainage ways for the melted ice. To prevent cir- 
culation of air through them they are stuffed with cotton batting, 
through which the water percolates freely. The ends of the trowgh are 
closed with wooden V-shaped blocks. 

The trough is very rigid in all directions and especially so with 

*The form of bar described is evidently not the best form. Theory and experience 
indicate that a bar having a Y-shaped cross section with metric subdivisions on its 
neutral surface would best meet the requirements. However, the question which 
presented itself in planning the apparatus was not what is the best form of bar, but 
what is the most economical form possessing the requisite properties. 
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respect to vertical stresses. It weighs 82 kiliigrammes, exclusive of the 
bar and ice load. The whole trough is covered by a closely-fitting 
jacket of heavy white cotton felt, which protects the trough and ice 
load alike from direct radiation. 

For measuring grade angles a sector reading by two opposite ver- 
niers to 10" is attached to one side of the trough near its middle point. 
Thus arranged this sector has great stability. 

(5) Tlie ice load and ice crusher. — When the apparatus is in use the 
Y-trongh is completely tilled with pulverized ice, the upper surface of 
which is rounded to about the height shown by the curve B H P in the 
diagram. The amount of ice required for this purpose is about 40 
kilogrammes, or 8 kilogrammes per metre of the bar's length. The ice, by 
reason of its weight and the sloping sides of the trough, is kept in close 
contact with the bar. This is especially the case when the apparatus 
is in use, for it is then trundled along on its cars with sufficient jarring 
to overcome any tendency of the ice to pack. For covering the ends 
of the bar a small quantity of ice is cut with a jack plane. Ice thus 
cut, like wet snow, packs well and permits making a small conical hole 
through it to the graduation plugs. 

A very essential auxiliary to the use of the apparatus is an ice- 
crusher to pulverize the ice. The machine used is a modification of 
the Creasey ice breaker manufactured at Philadelphia, Pa. It is a 
small light hand machine which, as modified, does its work very satis- 
factorily. With it40 kilogrammesof ice maybe pulverizedintenminutes 
or less. The particles of crushed ice vary in size from the smallest 
visible up to the bulk of a cubic centimetre; and this gradation in 
size appears to be advantageous as compared with uniformly finer 
particles like those of snow, since there is less liability of regelation 
and packing. 

(6) The cars and portable track. — The Y-trough is mounted on two 
cars, the saddles or bolsters of which are attached to the trough 40™^ 
from either end. Bach saddle is attached rigidly to the trough above 
and to a jackscrew below. The jackscrew is attached to a slide rest 
which is connected rigidly with the base of the car. The slide rests 
are provided with screws to give slow motions in the direction of the 
trough's length and transverse to its length. 

The jackscrew cylinders have right and left handed threads at their 
respective ends and are turned by a short capstan bar. They give 
thus the rapid vertical motion to the trough essential in bringing the 
bar quickly to focus under the microscopes which define its position. 

The Cars have each three wheels and run on a portable track whose 
width is SO"™. Three sections of this track, each 5™ long, are provided; 
and each section is carried forward as the cars are rolled along during 
the measurement of a line. It thus appears that instead of lifting up 
and carrying forward the measuring bar as with most forms of appa- 
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ratus, this rather delicate and difficult operation is supplanted by that 
of moving the portable tracks. 

(7) The micrometer microscopes. — To define the successive positions 
of the bar in measuring a line, micrometer microscopes are used- 
Through the courtesy of Gen. Casey, Chief of Engineers, U. S. 
Army, the Survey was enabled to borrow the four microscopes and the 
cut-off cylinder of the Eepsold base apparatus* used on the U. S. Lake 
Survey. These are especially well adapted for use with any line 
measure apparatus. As designed by the Eepsolds and as used on the 
Lake Survey the microscopes were mounted on iron tripods. These 
latter having been destroyed by fire while stored at the Engineer depot 
at Willetts Point, 1^. Y., it was essential to replace them by some 
equivalent device. In view of the economic and other features of the 
special work contemplated with the iced-bar apparatus, it was decided 
to mount the microscopes on wooden posts set firmly in the ground. 
To connect the microscope with the post a cast-iron post cap is pro. 
vided. It fits like a box cover on the end of the post and is clamped 
rigidly to it by means of a screw. 

The microscopes are provided with levels and leveling screws, so that 
their axes may be made vertical. They are mounted on slide rests 
which give a motion of 2'"" in the direction of the line measured or 
transverse to it. To secure additional displacement in the direction of 
the line a small rotary motion is provided for in the connection of the 
microscope with the post cap. The micrometer heads of the micro- 
scope are divided to read microns directly, one revolution of the screws 
corresponding to O-l™'". When used in the field the microscopes are 
shaded from the sun by large umbrellas. 

With this method of mounting the microscopes it is advantageous if 
not essential to set the microscope posts and those supporting the 
portable track before beginning measurement. 

(8) End marlcs and method of reference thereto. — The method of marking 
the end of a line is essentially that of the Eepsolds and fully described 
in the Lake Survey Eeport referred to above. It consists in the use of 
a metallic bolt terminating in a spherical head, the bolt being embedded 
in a stone or other stable mass set in the ground. The center of the 
bolt head is the fiducial point. To refer to this point a cylinder called 
a cut-off cylinder is used. It terminates at one end with a conical 
hole which fits over the spherical head. The other end is provided 
with a transverse level and graduated scale. The scale is brought by 
a rack and pinion motion to focus under, the microscope whose position 
relative to the fiducial point is sought. The scale and level, which 
are parallel to each other, are placed parallel to the line measured. 
With the cylinder thus disposed, readings of the micrometer on the 

* Fully described in General Comstook's report referred to in section (1). 
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.scale and of tbe position of tiie level bubble are made. The cylinder 
is tlieu turned 180° iu azimuth and the scale and level readings are 
again observed. From these observations and the height of the scale 
above the bolt head, the horizontal distance (in the direction of the 
line) between the micrometer zero and the fiducial point may be accu- 
rately determined. 

(9) Adjustments of apparatm.— The most important adjustment of 
the apparatus is the alignment of the bar in the Y-trough. This 
adjustment is made when the ice load is in the trough and after the 
latter has had time to assume a stable shape. This time does not 
exceed 15 minutes. 

As already stated, the alignment of the bar requires that the upper 
surfaces of the alignment plugs be in one plane, and that the lines on 
these plugs be in the same straight line. The former requisite is 
secured by a striding level whose feet are 99'="' apart, so that they reach 
from any plug to the second adjacent plug. Beginning at one end of 
the bar the plugs are numbered 1, 2, 3, — 11. By placing the level feet 
in succession on plugs 1 and 3, 3 and 5, etc., plugs 1, 3, 5,-11 are 
brought into the same plane by means of the corresponding vertical 
adjusting screws, the screws under plugs 2, 4, — 10 being loosened if 
need be to secure this end. Having thus adjusted plugs 1, 3, 5, — 11, 
the level is placed on plugs 2 and 4, 4 and 6, etc., and the vertical 
screws are brought up to contact with the bar, but not raised enough 
to disturb the previous adjustment of 1, 3, 5 — 11, which are the prin- 
cipal defining plugs in this adjustment. 

To place the lines on the plugs in the same straight line a sharp- 
pointed plumb bob suspended from a fine brass wire stretched over the 
trough was originally used. This device, with the aid of the lateral 
adjusting screws of the saddles, permits placing the lines in proper 
position within O'l"™ when the trough is fully loaded with ice. Expe- 
rience with the apparatus, however, showed that the simpler method 
of stretching the wire, or, better still, a fine thread, close over the plugs 
when the trough is about four-fifths loaded secures equally good results. 

It was feared before using the apparatus that the daily temperature 
range might produce an appreciable effect ou the length of the bar 
through change in curvature of the trough. Hence the accurate method 
of measuring such change by the striding level was provided. But 
experience shows that the change in shape of the trough gives rise to 
quite insignificant changes in length of the bar. Indeed, the align- 
ment of the bar may be maintained so perfectly that the correction for 
its curvature will not exceed a few tenths of a micron. 

The grade sector of the apparatus is adjusted to zero when the grad- 
uated surfaces of the bar are in the same horizontal plane. To secure 
the latter condition an engineer's levelisused ; and with appropriate care 
the difference in height of the ends of the bar can be made zero with a 
probable error not exceeding ± O-l""™. 
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The microscopes are provided with fixed levels, -which, when once 
adjusted, enable the operator to malie the axes of the microscopes ver- 
tical. They are ako provided with clamp screws, so that they may be 
rigidly held in proper position. 

When posts are used to support the microscopes, as has been the case 
with this apparatus thus far, they must be set in their proper positions 
within a centimetre or two. It. is easy and convenient, however, to 
adjust their sides facing the line to be measured with much greater pre- 
cision. When firmly set, a line parallel to the base may be deliberately 
ranged out with a theodolite of high magnifying power, and this line 
may be defined by suitable marks on each post. Then by simply noting 
the distance of the axis of the bar during measurement from this refer- 
ence line an accurate correction for deviation of the bar from parallelism 
with the base may be obtained. This adjustment of the posts, though 
not essential to th6 use of the apparatus, has been followed. 

Another convenient adjustment which the use of posts permits is that 
of making the tops of several or many posts conform to one grade. By 
this means, since the four microscopes used are closely.alike, the grade 
angles for several or many bar lengths are nearly the same, a condition 
favorable to precision in determining grade corrections. As an addi- 
tional precaution in the use of this apparatus, the relative heights of 
the alternate post tops have been determined with an engineer's level. 

(10) Method of measurement. — To conduct the measurement of a line 
with this apparatus eight men are required, to wit : Three observers ; one 
recorder ; one man to move the microscopes ; and three men to move the 
car tracks, the microscope shades, and the ice and ice-orusher. 

The operation of measurement proceeds as follows: The position of 
the microscope relatively to the fiducial point at the end of the line 
having been observed as explained above, the rear end of the bar is 
brought to focus under that microscope by the rear end observer. By 
means of a lever which grips into the track and hinges on the car, the 
latter observer holds the bar near to bisection under the microscope, 
while the front end observer brings his microscope into position over 
the front end of the bar: to do which he can make use of the lateral 
motion of the trough, of the microscope, or both. When the bar is 
adjusted at both ends the rear observer brings the rear end graduation 
accurately to bisection between the micrometer wires by use of his 
lever without turning the micrometer screw. Simultaneously he gives 
the signal "read" to the front observer, who brings his micrometer 
wires to bisect the front end graduation mark by moving the micro- 
scope, the micrometer wires, or both. The observers then read their 
micrometers and the recorder notes them down in his book, after which 
the rear observer turns his micrometer screw a half revolution or less 
backwards. The observers then exchange positions. The rear observer 
"carrying with him his lever applies it to the front car and brings the 
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front end graduation to bisection without disturbing the micrometer 
threads from their previous position; while at the signal "read" the 
front observer bisects the rear end graduation by moving the threads 
with the micrometer screw. They then announce the readings as be- 
fore and the recorder jots them down, notifying the observers at the 
time if the screw revolutions differ from their previous values. This 
process eliminates the personal equation of the observers and checks 
auy blunders of whole revolutions in reading the microscopes, each of 
them being read four times, and the four readings being the same within 
a few microns. The probable error of a bisection is less than ±1". 

While the bar is in position under the microscopes, the third observer 
measures the distance of the front end (and the rear end at starting) 
of the axis of the bar from the reference line, and adjusts the sector- 
level bubble to center, taking care at the same time to keep away from 
the microscope posts when the bar is observed. The grade sector read- 
ing is then made and recorded, and the bar is rolled rapidly forward 
to a new position. 

As soon as the rear end of the bar is brought safely to position under 
a microscope the one previously at the rear end is taken up and carried 
forward by the microscope porter, who clamps and adjusts it on a new 
post. Likewise as soon as a section of track is passed over it is car- 
ried forward to a new position. 

The observers stand on platforms which rest at their ends on the 
ground at a distance of about 1 metre on either side of a microscope 
post. 

At intervals of twesty to forty minutes fresh ice is supplied, the 
trough being run to the rear of or ahead of the two microscopes which 
were last used. The trough is completely uncovered in this operation 
and the ice stirred up and supplemented by the amount requisite to 
replace the waste. This amount is usually 3 to 5 kilogrammes. 

The speed of measurement has varied somewhat with circumstances. 
It has usually been about 100™ per hour; 750™ were measured in seven 
hours on two different dates; and a Idlometre would not be an exces- 
sive day's work. 

(11) Specimen of record and computations. — Tables I and 11 following 
give a copy of the records of a measure with the iced bar of the interval 
of the 100™ comparator of Holton Base described in section 2, Chapter 
III. In Table I the first column gives the number of the bar length 
applied in the measure, and the second the time of application. The 
third column gives the number of the microscope used at the left-hand 
end of the bar, the left and right-hand ends of the bar being to the left 
or right, respectively, of the observer as he stands facing the bar while 
reading the microscopes. The fourth column gives the microscope 
readings on the left-hand end of the bar, the readings being expressed 
in screw revolutions of Ol™™ each, so that 0-01'^ = F- The fifth and 
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sixth columns give the corresponding data for the right-hand end of 
the bar. The letters S and W preceding the first two readings of mi- 
croscopes 1 and 2 show the order in which the observations on the bat 
were made. Thus observer S read with microscope No. 2 on the right- 
hand end of the bar, while observer W read with micrpscope Ko. 1 on 
the left-hand end of the bar. The observers then exchanged positions, 
S reading with ISo. 1 and W with No. 2; and this order of reading was 
followed throughout the work. The seventh column give? the differ- 
ences in microns between the mean readings of any microscope at the 
two ends of the bar in the order left minus right or Q—r). Thus the 
first value in this column comes from the readings of microscope No. 2, 
namely, J(21-33'- + 21-26^) - ^ (21-33'- + 21-33') = - 3" , neglecting tenths 
of microns. The last value in this column is derived in the same man- 
ner from the readings of microscope No. 1 at the beginning and end of 
the measure. The last column gives the height of the left-hand end 
of the bar at starting, and the heights of the right-hand end in its 
several positions, above the horizontal plane of reference of the com- 
parator. This method of determining grade corrections was used in 
place of reading the grade sector. The measurement in this case 
proceeded from left to right. 

Table II gives the records of the cut-off measures at starting and 
stopi)ing. The first column gives the time of day. The second column 
designates the orientation of the cut-off scale, the terms right and left 
being used in the same sense as explained above. The third .column 
gives the number of the graduation line of the scale observed on with 
the microscope. When the microscope is to the right of the zero of the 
cut-off scale the images of the graduation numbers appear invert.ed as 
seen through the microscope. Hence the letters I (inverted) and B 
(erect) serve to show the position of the microscope with respect to the 
axis of the cut-off cylinder. The fourth column gives the microscope 
readings on the cut-oft' scale; the fifth gives the height of the scale 
above the center of the cut-off sphere ; and the last two columns give 
the readings of the level, I and r denoting the left and right hand posi- 
tions respectively of the bubble. 
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Table I. — Specimen of record. Mcas\ire of 100'° Comparator interval, 

August 7, 1891. 
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Table 1L— Cutoff mecLvires. August 7, 1891. 
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AT EAST (RIGtJT-HAND) END OF COMPARATOR. 
[U, S. C^oast and Geodetic Survey cut-off cylinder,] 
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Valae of i division of level on Repsold cylinder = i''''6 

Value of I division of level on U. S. Coast and Geodetic Survey cylinder =6'''-o 

The computation of the measured distance proceeds by means of the 
following formulas : 

Calling B and L the mean readings of any microscope on the right 
and left hand ends respectively of the bar, the correction due to these 
readings (supposing them to increase from right to left as with the 
micrometers used) is : 

2 {L-B). (1) 

Similarly, if jBc and L^ are the mean microscope readings on the cut-off 
scales at the right and left hand ends, respectively, of the line, they give 
a correction equal to 

-(ie-i^c). (2) 

Denote the reading on the cut-oft" scale at the right-hand end of the 
line by S„ and that at the left-hand end by S^. Then they give a cor- 
rection of 

Si-S,, (3) 

where Si and S^ are plus or minus according as the image of the grad- 
uation-mark number appears inverted or erect. 

Let Jr and Ji denote the inclinations of the cut-off cylinders at the 
two ends of the line, and S^ and iZj the corresponding heights of the 
cut-off scales. Then, since the inclinations are always small, they give 
a correction of 

H,I,-S,I,; (4) 

where the inclinations are expressed iu arc and both are supposed to be 
toward the right from the vertical. If ii, h, ri, >\ are the left and right 
hand readings of the level bubble in any case, and v is the value of one 
division of the level in seconds of arc, the corresponding value of / is 



I=^i ih+h-n- 






where p"=206264"-8, or the number of seconds iu the radius. Using 
the values given in the above table we have 

H 

The (correction for grade or slope of any bar length is expressed with 
sufficient accuracy by the formula— —o-^, where J A is the difference in 
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height of the two ends of the bar and s its length. For /Ih in millime- 
tres, this gives a correction of — O-l {/dhy microns per bar length, since 
s=5™ very nearly. The correction for gxades is then in microns 
-0-1 2(Jh in millimetres)". (5) 

The correction for alignment was computed by the same formula (5) 
in the case of the field measures. For the measures on the comparator 
here considered the correction for alignment was made nil by always 
placing the bar in the vertical plane of the comparator. When grades 
are observed by means of a sector, as in field work, it is most conve- 
nient to make useof a table giving the corrections in terms of the grade 
angles. 

Finally, denoting the number of bar lengths measured by If, the 
length of the bar by £17, and the distance between the terminal spheres 
by D, we have 

D = 3'i?,;+(l) + (2) + (3) + (4) + (5). 
Using the data giveji in the above tables we have the following- 
values of the several corrections: 

mm. 
(1) = - 0-149 
(-2) = + 0-239 

(3) = +39-500 

(4) = - 0-039 

(5) = - 0-075 



Sum = +39-476 , 
Hence, the length of the comparator interval resulting from this meas- 
ure is 

mm. 
20 i?n +39-476 
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CHAPTER 11. 

Length of Iced Bar B^. 
direct determination on office comparator. 

(1) Description of apparatus and method. — The most important opera- 
tion attending the use of the iced-bar apparatus is the determination 
of the length of the measuring bar in terms of one of the International 
Prototype Metres. The general plan which has been followed in the 
execution of this operation is that of direct comparison of the bar and 
•Prototype Metre, each being packed in melting ice. According to this 
plan the vise of thermometers is dispensed with entirely. It suffices 
simply to measure a distance of five times the length of the metre when 
packed in melting ice, and then transfer this distance to the 5" bar 
packed in melting ice. 

The means available for such work at the time the apparatus was 
constructed were the office comparator and comparing room. The 
latter is an underground room situated between the front of the Survey 
building and the adjacent street. The comparator consists of an iron 
I-beam about 6-5™ long, supported at its ends on brick piers. Between 
these piers micrometer microscopes can be attached to the beam at any 
desired interval up to 6 metres. For supporting the bars under com- 
parison, a car moving at right angles to the I-beam is provided. The 
car rails rest on piers well removed from those supporting the beam. 

The comparing room is lighted by electric lights which can be placed 
in any convenient position for illuminating or reading the microscopes. 

For the special comparisons in question six micrometer microscopes 
were attached to the I-beam at intervals of 1 metre. The means of attach- 
ment were cast-iron brackets which could be rigidly clamped to the 
beam, while the microscopes themselves were fastened to the shelves 
of the brackets. The brackets are adjustable on the beam ; so that the 
focal planes of the microscopes can be brought into the same horizontal 
plane, very nearly, and the axes of the microscopes made vertical 
within narrow limits. The microscopes in turn are provided with> 
lateral adjustments on the shelves of the brackets. Hence the optical 
axes of the microscopes can be brought into one vertical plane, very 
nearly, and the distances between consecutive axes can be made closely 
equal to 1 metre. 

The microscopes used in all determinations of the length of the iced 
bar Ko. 17 are ISos. 5 and 6 of the Survey and Nos. 1, 2, 3, and 4 of the 
Eepsoldbase apparatus loaned to the Survey by the Corps of Engineers, 
U. S. Army. The magnifying power of the two former is 50 diameters j 
of the four latter 27 diameters. The Survey microscopes Nos. 5 and 
6 Wgrp mounted at the ends of the comparator, while the Eepsold 
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microscopes were placed in the intermediate positions. These latter 
microscopes have each about S""" lateral motion by means of a fine 
screw, so that their axes could be easily put in line with the axes of 
the end microscope at any time. This adjustment was accomplished 
by bringing a fine thread well stretched to focus under the terminal 
microscopes and then moving the intermediate microscope till their 
axes were coincident with the thread. The error of this adjustment 
has never exceeded 0-2'°™. The held illumination of the microscopes 
was secured by glass prisms attached in front of the microscope objec- 
tives. Light was thrown into the prism and thence to the object 
observed by means of lenses in fix)nt of the illuminating lamps. 

In making comparisons the 5" bar Bn was mounted in its Y-trough, 
iced, and aligned in the manner already described. The trough was^ 
supported on its lifting jacks, which rested on the comparator car. The 
metre used was Prototype Ko. 21. It was mounted in a wooden box 
whose interior depth, breadth, and length are ll-O""", 12-5<="', and 115-0'="', 
respectively. It was supported by light brass suspensionhooks attached 
to wooden crosspieces which rested on the sides of the box. The hooks 
were placed at distances of 20°°' from the ends of the metre. In pack- 
ing the metre for comparisons it was completely surrounded to a depth 
of 5'='" to S""" by a mixture of ice pulverized in the ice crusher and'by 
the snow-like particles cut with a jack plane. These finer i)articles 
could be crowded into the grooves of the bar (which has an X cross 
section) so that the ice would be in actual contact with the surface of 
the bar throughout its length. After thus covering the metre com- 
pletely small holes were made througli the snow packing at the ends 
of the box down to the graduated surfaces, which were the only parts 
of the metre exposed to the external air. To remove condensed mois- 
ture, which is sometimes troublesome, from these polished surfaces, a 
dry camel's hair brush was found very eflfective. The upper surface 
of the ice pack and the sides of the box were protected by a heavy felt 
Avrapping, through which small holes were cut over the graduation 
marks. The box was provided with 3-foot screws which stood on plates 
of glass resting on the platform of the comparator car. These foot 
screws served to bring the ends of the metre to focus under the micro- 
scopes, the requisite lateral and longitudinal adjustments being secured 
by sliding the box on its foot screws on the smooth glass. 

To pack the 5"° bar 40 to 45 kilogrammes of ice were used, and 10 to 
12 kilogrammes to pack the metre. The ice was renewed at intervals 
of twenty to forty minutes, but the melting was generally very slight 
during such intervals. 

Assuming constancy of temperature of the bars under comparison, 
the precision of the method just outlined evidently depends on the 
stability of the microscopes used. The first series of comparisons, made 
in July, 1891, indicated marked instability of the microscopes ; and sev- 
eral series jnade during February to May, 1892, rendered it certain 
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that the office comparator described above was quite inadequate to the 
work iu question. It is to be remarked, however, that this comparator 
was not designed to meet the requirements of such work, but rather 
for the intercomparison of bars of the same length. Its use for the 
earlier determinations of the length of the iced bar was suggested by- 
considerations of economy, and it was hoped that witli careful manipu- 
lation it would answer the purpose. The most important result, how- 
ever, of this earlier work was a demonstration of the necessity of a 
different sort of comparator. 

The defects of the office comparator for our purpose may be ascribed 
chiefly to the mode of mounting the microscopes. Being attached as 
explained above by means of brackets clamped to the I-beam, their 
focal planes fall at a distance of about 0-5™ below the beam. Any 
change of curvature or temperature of that beam will therefore cause 
relative displacements of the microscopes. Resting as the beam does 
with the friction due to its weight on the piers, it is in general in a 
state of longitudinal stress, which is frequently relieved by vibrations 
communicated to the piers by vehicles passing in the adjacent street. 
The temperature of the comparing room changes very slowly from day 
to day when not occupied long by the observer, or when lighted for 
short intervals. But the comparisons in question required occupying 
the room for some hours per day, and the heat from the observers and 
electric lights caused notable changes in the temperature of the beam, 
although it was wrapped with cotton batting and encased by a wooden 
box. These two sources of disturbance caused large irregular displace- 
ments of the microscopes and hence large ranges in the resulting values 
- for the length of B„. 

{3.) Programme of observations. — The observations were made in such 
a manner as to eliminate the effects of regular displacements of the 
microscopes. Thus, calling the 5"" bar Bx-,, the prototype metre No. 
21 Mzi, and D the distance between the terminal microscopes of the com- 
parator, the following scheme was adopted in the earliest determina- 
tions of July, 1891: 

(1) A measure of D with Sf^. 

(a) (2) A measure of B with Bn. 

(3) A measure of J) with il/21 in reverse direction. 
In the subsequent determinations of February and March, 1892, the 
above scheme was supplemented by additional measures with Bn. Thus 
the iHogramme was: 

. (1) A measure of D with B^. 

(2) A measure of J) with M21, 
' (3) A measure of D with Bn. 

(b) (4) A measure of D with Bn- 

(6) A measure of D with M^i in reverse direction, 

(6) A measure of D with Bn. 
S. Ex. 37—23. 
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In some instances, also, in these later determinations but one measure 
of D was made in the place of (3) and (4). 

In all determinations of length the observations of the two ends of 
Bn and M^i were made simultaneously by two different observers. 
The observers also in every case exchanged positions immediately 
and read yn the opposite ends of the bars, in order to eliminate personal 
equation, in so far as elimination can be accomplished by such inter- 
change. In measuring the distance between the terminal microscopes 
of the comparator with Mn care was taken to make the dependence on 
the low-power intermediate microscopes smaU by confining the meas- 
ures with them to a few microns in each case. The small inequalities 
in heights of the focal planes of the microscopes were measured by 
observing the inclination of a suitably delicate level tube attached to 
Mil when the latter was brought to focus under the microscopes. 
Eepeated observations by this method gave accurate corrections for 
such inequalities. 

(5.) Computation of length of Bii.— The method of deriving the length 
of B]., from the observations will depend in general on the hypothesis we 
adopt with respect to the motions of the microscopes. The number of 
hypotheses available is restricted, also, by the number of observations. 
Ignoring for the moment the displacement of the intermediate micro- 
scopes, and considering the second programme of the preceding section, 
we may suppose, for example, first, that the distance D between the 
zeros of the terminal microscopes remains invariable from the time of 
(1) to the time of (6) ; second, that D varies uniformly with the time 
from (1) to (6) ; third, that D varies uniformly at a rate Zi, say, from (1) 
to (3), and uniformly at a rate Z2 from (4) to (6) ; fourth, that D varies 
at a rate z + 2wt from (1) to (6), z and w being constants and t the time 
beginning with (1). All these hypotheses were tried in computing the 
results of the observations of February and March, 1892, made accord- 
ing to the more elaborate programme given above. The residuals 
brought out by these processes were, however, far greater than could 
be attributed to errors of the observational class, and they showed 
clearly that the suppositions were rarely in accord with the facts. The 
reason for this lack of accord is that the processes do not take adequate 
account of the irregular motions of the microscopes, and especially of 
the intermediate microscopes. 

It does not seem worth while, therefore, to set down all the formulas 
which result from the above suppositions and which were tried as 
stated. It may sufQce to give those dependent on the fourth supposi- 
tion. We observe, first, that the measures (1) and (6) and (2) and (5) 
were made at equal intervals, respectively, from the observations (3) 
and (4). The latter two were made so near together that they may be 
considered simultaneous. Secondly, the intervals (1) to (3) and (4) to 
(6) were about twice the intervals (2) to (3) and (4) to (5). Now let q„ 
be the micrometric quantity measured in any of the cases (1) to (6), and 
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let v^ be the corresponding correction to gn. Tlien, assuming the mean 
of the times of (3) and (4) as the epoch for D, we have from the several 
measnres— 



(1) 


D 


- B„ - 2z + 4w + g-, + «„ 


(2) 




=5Mii - s + w + 22 + '"2, 


(3) 




= ^17 + g.1 + ■Ih, 


(4) 




= -Bi7 + ^4 +■•^^I, 


(5) 




=5ilf2i + - + 1J0 + qi + Vs, 


(6) 




= Bn + 20 + 4w + ge + Vg. 


Putting for brevity 








X = 5M21 — B„, 






y = I) - M5m, 



the above relations give the following observation equations : 

X + y + 2z - iw - qi = v^, 

y + z - w — q2 = V2, 

a' + 2/ -fe = ^3, 

X + y - g>, = -»„ , (1. 

y — g — w — q5 = Vs, 
X + y — 2z — iw — qB = Ve^ 

Calling the weights of the measures of D with B^ each unity, and the 
weights of the measures with Jfzi jp, each, the normal equations from 
(1) give the following values: 

a; = i (2i + 333 + Hi + qe) -i [q^ + &), 

y = i{q2+ qs) - i {qi - ss - ^4 + se), 

„ _ 2gi + pq2 - pqs - 2qe, (2) 

8 + 2p, 

•^ = i{- qi + q3 + qt- qe)- 

It will be observed that the objective quantity x is independent of 
the weight p. This weight p, in fact, affects only the rates z, Zi, «2 of 
the second, third, and fourth assumptions stated above. It may be 
remarked also that the value of x is the same for the first three assump- 
tions, and differs from the value given by the fourth by the quantity w. 

In the case of three measures only of B, as in the determinations of 
July, 1891, we are virtually restricted to three unknown quantities, 
and hence to the assumption that D varies at a constant rate. If in 
this case qi, qi, qa denote the micrometric quantities of the three 
values of B we have — 

«! = qi-i{qi + Ss), 

y = i{qi + qi), (3) 

« = i («i - &). 

Since the errors of observation in all determinations of Bn on the 
office comparator are completely masked by the large displacements 
of the microscopes, and since these determinations are virtually super- 
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seded by much better ones made as explained iu section 13, it does not 
seem worth while to give anything but the resulting values otx from 
these earlier determinations. 

(4) Length of B„ from observations of July, 1891. — It being deemed 
desirable to know the approximate length of Bn before using it in the 
measures of Holton Base, a few determinations were made just prior 
to shipping the apparatus to Holton, Ind., in July, 1891. The 
observations were made by Assistants O. H. Tittmann and E. S. Wood- 
ward, and the record was kept by Mr. JoTin P. Hayford. The pro- 
gramme {a) of section 2 was followed. The computations were made 
by Mr. Hayford and checked by Mr. Tittmann. Table I following 
gives the resulting values of a? = S^l/ai — ^n. The first column gives 
the date, the second the orientation of I/21, the third the values of a; for 
the different orientations of £17. The value of -M21 at 0° C. is given, on 
p. 83 of "Eapport sur la construction, les comparaisons etles autres 
operations ayant servi k determiner les equations des nouveaux Pro- 
totypes metriques," as 

.1/2, = I" + 2-5'' at 0° 0- 

Table l.— YcdHes of x = TjM.x — -Bn at 0° C* 







Values of x. 


Date. 


End of /l/j, 
north. 




A end of B„ 


B end of B„ 






north. 


north. 


189I. 








July 6 


A 


-|-24-Of 




6 




17-8 




7 




26s 




7 




17-2 




8 


A 


22-6 




9 


B 




+ iS-8f> 


10 






ISO 


10 






364 


II 






22-6 


II 


B 




270 



* The average temperature shown by thermonietcis alongside of the I-t)eain during 
these comparisons was 21° C. 

Since it appears highly probable, as shown below, that the observed 
length of ^17 differs with differing aspects of its terminal graduations, 
we shall derive mean values of x iu every case for each of the two orien- 
tations of Byi. Thus the mean values from the above table are 

+ 21-6'' ± 2-0" for A end of £,7 north, 
-f 23-4^ ± 2-0" for A end of £„ south. 

The probable error assigned to each result here is derived in the usual 
manner from the ten observations of the two derived quantities. The 
probable error of a single value of x in the system is ± 4-5'' , which is 
a little less than the millionth part of the length of By,, 
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To get the corresponding lengths of Un, the above mean vahies must 
be increased by l-O", the correction for ineqaalities in heights of the 
focal planes of the piicroscopes in this case, and the above value otMn 
applied. Thus we have the followiag results for length of Bn in melt- 
ing ice. 

Br, = 5'» - lO-l'^ ± 2-0'' for A end of Sn north, 
Bn = 5™ - ll-O" ± 2-0'' for A end of £„ south. 
(5) Length of Bn from observations of February and March, 1892. — The 
observations in the more extended seriesof determinations of February 
and March, 1892, were made by John S. Siebert and E. S. Woodward. 
jNlr. Siebert also made the record, and in order to facilitate his work all 
of the micrometer head readings (after the bisections had been made) 
were observed and called out by Woodward. Programme (b) of section 
'2 above was followed except in a few instances when but one measure 
was made with Bn, instead of (3) and (4) of the programme. Table II 
following gives the results of these determinations, the arrangement 
being the same as in Table I. The computations of the quantity x were 
made by Siebert, in accordance with the simpler assumptions ex^ilained 
in section 3, while the corresponding values resulting from the fourth 
of those assumptions were derived by Woodward. The two sets of 
values were checked by means of their difierence w. This quantity 
never exceeded 2-8'' and was generally less than 0-5''. Its use does 
not give residuals materially less than the simpler hypothesis. 



Table II.— 


Values of 


X — 5M21 - 


-BntttO" 0* 




End of 


Vame of x. 




End of 


Value of X. 


Date. 


Mn 


Aend of 


Date. 


ih, 


A end of 




north. 


Bii north. 




north. 


Bi, south. 


1892. 






1892. 






Feb. 4 


A 


+30-5'" 


Feb. 19 


A 


+ 26-4/( 


5 


B 


. 24-4 


- 20, 


B 


13-9 


S 


B ; 


233 


23 


A 


27-0 


6 


A •■ 


- 339 


24 


B 


24-9 


8 


B 


37-6 


25 


A 


23-3 


8 


B 


27-2 


25 


A 


29-8 


10 


A 


33-4 


26 


B 


219 


10 


A 


25-4 


26 


B 


3S-0 


11 


B 


22-1 


26 


B 


29-1 . 


13 


A 


26-5 


27 


A 


31-3 


13 


A 


24-4 


27 


A 


2S-4 


IS 


B 


30-4 


Mar. 7 


A 


33'6 


15 


B 


31-4 


7 


A 


29-1 


16 


B 


22-4 


8 


B 


28-6 


i6 


B 


i8-6 


8 


B 


28- f 


16 


B 


23-5 


9 


A 


367 


17 


A 


I32 


10 


B 


35-4 


17 


A 


25-2 


II 


A 


34-8 


18 


A 


3 1 "4 


12 


B 


24'0 


18 


A 


30-0 









' * Durin " the time these detorminations were made, the air temperature in the com- 
paring room varied from about 5° C. up to about 10° C, with an average-of about 
6°C. 
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Computiug- the lue^n a alues from Table II in the same manner as the 
means from Table I were computed, we have, 

x = + 26-7'" ± 0-8" for A end of B„ north, 

X = +_ 28-3'' ± 0-8" for A end ofB,, south. 

The probable error of a single determination of x from this series is 

± 3-6", which indicates an appreciable advantage of the programme 

(6) over (a). 

If we group the results in Table II with respect to the orientation of 
the metre, we find the following mean values of x : 

+ 21-V ± 1-2'' foe A end of Jf.. north, ) ^ ^^^ ^^ ^ ^^^^^ 
+ 26-1" ± 1-2'^ for A end of M21 south. ) 
+ 29-7" ± 1-0'' for A end of M, north, l ^ ^^^ ^^ ^ ^^^^^^ 
+ 26-8" ± l-A"- for A end of ilfzi south, i 
The values of x in Table II require a correction of +0-4" for inequal- 
ities in heights of the focal planes of the microscopes. Applying this 
correction and the value of SM^i at 0° C. there result for the length of 
B^^ in melting ice — 

Bn = 5™ - 14-6'' ± 0-8'' for A end of ^n north, 
B„ = S-" - 16-2'' ± 0-8" for A end of ^n south. 
(6) Sources of error. — It will be observed that the individual values 
of a; in Tables I and II exhibit wide ranges; amounting to 21" in the 
former and to 24" in the latter, or, at the maximum to 1/200 000 part of 
the length of B^^ Considering errors of observation alone, it appears 
from the first of equations (2), section 3, that they should give to a 
single determination of x in Table 11 a probable error of ± ^ e V 45, 
where s is the probable error of a single microscope reading. The 
value of s does not exceed O-o**, so that the probable error of a single 
value of « due to errors of observation is less than i 0-8''. Since the 
total probable error of a single value of x in Table II is, as given above? 
± 3-6'^, the reason for directing attention to other sources of error 
than those of observation is evident. 

This view of the inquiry was reached long before the series of deter- 
minations condensed in Table II was completed. During the progress 
of this work, in fact, many experiments were made with the hope of 
locating the larger sources of error and devising means for their elimi- 
nation or correction. Thus, (a), delicate levels were attached to the 
brackets of the terminal microscopes of the comparator. They indi- 
cated that the microscopes were subject to both sudden and progressive 
displacements, which were frequently large in amount, (b). The 
question whether these displacements could be due to the varying posi- 
tions of the observers and the microscope car was examined, with the 
result that no effects due to the weight of either were produced, (c). 
The hypothesis was entertained' that Bn might be subject to longi- 
tudinal stress, and hence to changes of length, from friction on the sup- 
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ports in its Y-trongh. This hypothesis was tested by subjecting the 
trough to tension and compression alternately in quick succession, and 
observing the length of B^ in terms of the distance between the termi- 
nal microscopes which were sufficiently stable for the brief interval 
required. Although the Y-trough was put under much greater stress 
than that to which it is ever subject in the uses it is designed to meet, 
no change was discovered in the length of B^, Finally, it may be said, 
that a carefal study of the variations in the intervals between con- 
secutive microscopes, as measured with M^, together with the results 
of the experiments just outlined, led to the conclusion that the irregular 
motions of the microscopes would suffice to account for the wide range 
amongst the derived results. 

The important question then arose whether the results in Tables I 
aud II were affected by detrimental constant errors. The application 
of the levels to the microscope brackets, as explained above, indicated 
that such might be the case. It became desirable, therefore, to deter- 
mine the length of B^-, in some other way. The riiethod which sug- 
gested itself by reason chiefly of its economy, and the results attained 
in its application are explained in the following sections. 

DETERMINATION OP LENGTH OP Bn BY AID OF jB]8 ON OPPICE 

COMPARATOR. 

(7) Description of method. — The time required to measure the distance 
between' the terminal microscopes of the comparator with the metre, 
according to the direct method, was 12 to 20 minutes. It appeared 
probable, therefore, that the errors due to motions of the microscopes 
could be much reduced if not eliminated by diminishing the interval 
during which dependence must hang on their stability. To accomplish 
this end, a steel bar of the same dimensions as Bn was prepared by the 
Instrument Division of the Survey and subdivided into metre spaces. 
It was cut down to its mid depth at intervals of one metre and platinum 
iridium plugs were inserted to receive the fiducial lines. The plugs 
were carefully polished and the lines were successfully ruled by Mr. E. 
Gr. Fischer. This bar is designated B^. It is marked by a letter A at 
one end and by a letter Bat the other. 

The method followed in determining the length of Bn by aid of ^le 
consisted essentially in comparing each of the sub-spaces of ^is with 
the metre M21, deriving thus the total length of B^, and then comparing 
^17 with ^18. 

^18 was mounted in the steel Y-trough where it could be accarately 
aligned and where its flexure could be measured. Each graduation 
plug having in addition to a single transverse line two longitudinal 
lines separated by an interval of 0-2™™, Bis could be aligned in the 
vertical plane by means of the five microscopes and the lateral adjust- 
ing screws of the trough. For alignment in the' horizontal plane, the 
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long striding level was used. Its feet were placed directly over the 
graduation plugs, these being temporarily protected by slips of smooth 
paper. It was thus possible to measure the inequalities in height of 
the plug surfaces to the nearest tenth of a millimetre when the bar was 
surrounded by ice. The vertical adjusting screws directly below the 
plugs were first brought to the proper positions. After these were 
secured, the intermediate vertical screws were brought up to contact 
with the bar without disturbing its shape as shown by the striding 
level; all these adjustments being made after the trough had assumed 
its shape due to a full load of ice. It is to be remarked, also, that ^la 
remained in the Y-trough in the same position throughout the com- 
parisons. Its alignment as shown by the microscopes did not change 
at its graduation marks by so much as 0*2™'°. 

For comparisons with Bia, Bn was mounted in a wooden box provided 
with adjusting screws in all respects similar to those of the Y-trough. 

Tlie folloyring programme was adopted in this determination of the 
length of By, : 

(1) Six measures of the sub-spaces and hence length of ^^ in terms 
of jlfzi- 

(2) Nine measures of Bn in terms of B^^. 

(3) Six measures of B^ as in (1). 

(4) Nine measures of B^ as in (2). 

(5) Six measures of Bis as in (1). 

In coraijaring the subspaces of Bja with the metre M^ the following 
programme was observed : 

(1) Microscope readings on subspace of J3i8. 

(2) Microscope readings on M^. 

(3) Eepetition of (1). 

(4) Eepetition of (2). 

(5) Repetition of (1). 

Similarly, for the comparison of ^i^ and Bk the plan followed was: 

(1) Microscope readings on B^. 

(2) Microscope readings on iJis. 

(3) Microscope readings on B^,. 

jB,7 and Bis being interchanged alternately. 

The observations at the two ends of the bars or sub-spaces were made 
simultaneously by two observers who always exchanged places and 
repeated the readings. The observers were John S. Siebert and E. S. 
Woodward, Mr. Siebert keeping the record as explained in section 5. 

(8) Computation of results.— iii deriving the lengths of the sub-spaces 
of ^18 it is assumed that the distance Dj, say, between the zeros of any 
pair of microscopes used varied uniformly with the time. Hence, if we 
.designate by g,, gz, . . . the micrometric quantities observed in accord- 
ance with the second programme of section 1; by -Wj, v., . . . the corre- 
sponding corrections to these observed quantities; by «;, the rate of 
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change of Dj; by Si, the length of a sub-space; and count time from the 
epoch of the middle observation, we shall have — 



«i 


— 


2^. 


+ 3. 


+ ''-1, 


M,, 


— 


■^i 


+ 22 


+ ®2, 


Si 






+ % 


+ *3, 


Mn 


+ 


S| 


+ g.. 


+ *'4, 


«i 


+ 


2.C, 


+ <Z5 


+ ^5. 



If, for brevity, wo put — 

a-j = 7l/o, - Sj, 
2/i = I>i - 71^21, 
the above relations give the following observation equations: 
aji + 2/i + 2.;i - qi^ r,, 
2/1+ «i — g2 = «2, 
aJi + .2/i - </.■! = v^, (1) 

2/i — «i - 34 = 1'4, 
i^i + 2/i - 2^i - ^5 = ■Ws. 
The normal equations corresponding to these give — 
^■i = i {<h + <Z3 + ?s) — i {(h + 24), 
2/i = + * (22 + 24), . (2) 

~i = -iV (22i + 22 - 24 - 226). 

It may be observed that the values of .v^ and y-, in (2) are precisely the 
same as those which would result if D, were assumed to remain invaria- 
ble, or the same as if z-^ were omitted from (1). The introduction of 2; 
serves simply to give the change in B, and diminish the residuals v. 

The computations were made in duplicate according to the above 
formulas by Messrs. Siebert and Woodward, the residuals as well as 
the objective quantity x-, being worked out in every case. 

In deriving the length of B^ in terms of Bis, the computation was in 
all respects similar to that just outlined, and it was made by the same 
persons. 

(9) Summary of results. — Table III following gives the resulting 
values of xi, x^, . . ., or Xi, for the several sub-spaces of ^is. Xi refers to 
the first sub-space of Bm counting from the A end towards the B end ; x.^ 
to the next space in the same order, etc. The first column of the table 
gives the date of the determination; the second the orientation of the 
metre M21 ; the next five give the values of Xi ; the eighth gives the sum 
of the Xi, or the excess of 5M21 over the whole length of Sia; and the 
last column gives the mean values .of 2Xi for the three groups of 
determinations. It will be remembered that the length of any sub- 
space Si is given by the equation 

Si = M21 — Xi. 
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Table III. — Values of Xt amd Sx-, for Bis at 0° O. 



Date. 


End of 
/»/j, north. 


X,. 


a»!. 


a^. 


X,. 


"s. 


2a;i. 


Mean values 

of IXi. 


1892. 




/' 


M 


^ 


M 


M 


ft 




Apr. 25 


A 


+13-4 


4-0-2 


+ I2'8 


+3-2 


+29-6 


+59-2 




26 


B 


+14-0 


+ 2-2 


+ IO-3 


+4-7 


+29-3 


+60-S 




26 


B 


+ I5-I 


—1-3 


+ 9-8 


+3-1 


+30-9 


+57-6 




27 


A 


+ 9-8 


-31 


+ 6-2 


+5-7 


+30-4 


+55-2 




27 


A 


+13-3 


--2-2 


— 93 


+4-6 


+29-6 


+S9-0 


M 


28 


A 


+ 107 


+4-7 


+ 8-9 


+2-9 


+30-3 


+57-5 


+58-2 


May 2 


B 


+ II-6 


+ 1-2 


+ 2-6 


-|-o-o 


+32'3 


+477 




2 


B 


+ 15-2 


+2-3 


+ 8-1 


+ 1-4 


+30-8 


+57-8 




3 


A 


+ 140 


+ 2-5 


+ 5-5 


+3-2 


+25-0 


+ 50-2 


- 


3 


A 


+ II-6 


+4'3 


+ S-2 


+4-4 


+29-8 


+55-3 


." 


4 


B 


+ I3-2 


+ 1-3 


+ 3-5 


+S-0 


+31-8 


+54-8 




4 


B 


+ 14-9 


+3-6. 


+ 5-6 


+4-6 


4-29-3 


+58-0 


+S4-0 


7 


A 


+ 14-6 


+ 1-2 


+ 3-8 


— i-o 


+30-0 


+48-6 




7 


A 


+ 12-2 


— o-i 


+ 47 


+2-8 


+3<^-3 


+49-9 




9 


B 


+ 12-2 


+1-5 


+ 7-0 


— 0-2 


+31-4 


+SI-9 




9 


B 


+ 12-4 


-6-5 


+ IO-9 


+2-4 


+33-8 


+53-0 




10 


A 


+ 12-9 


—6-6 


+ II-9 


+ I-I 


+34-8 


+54-1 




10 


B 


+ 12-9 


—5-5 


+ 9-5 


+0-8 


+27-9 


+45-6 


+SO-S 



Table IV gives the results of the comparisons of ^^ and Bu,. The 
first column gives the date of the comparison, the second the orienta- 
tion of -B17, the third the individual value of B^ — Bis from a set of 
observations, the fourth the mean value of the set, and the fifth the 
group mean. 

Each result in the third column is derived from three readings on 
Bn and" three on B^, the order of readings being Bn, B,e, B^, and Bw, 
-Bn, ^18, with an interchange of the bars from set to set. The orienta- 
tion of .5,8, as explained above, remained unchanged throughout the 
work. During the intervals bet ween sets of observations the bars were 
re-iced and the curvature of Bn observed with the long striding level. 
Table lY.— Values ofB^ — B^s at 0" C. 



Date. 
1892. 


End of 
.Z?i7 north. 


^M — .5ig. 


Mean of set. 


Group 
mean. 




fi 






Apr. 29 


A 


+ 29-4 
280 
302 


+29-2 




30 


A 


28-4 
29-8 
30-2 


+29-5 




30 


A 


33-8 
30-0 




H 






32-5 


+32-1 


+ 30-3 


May 5 


B 


+26-0 
286 
26-5 


+27-0 




5 


B 


32-^ 

33-5 
313 


32-5 




5 


B 


30-8 
32-4 ■ 










27-4 


30-2 


-f29-9 
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(10) Sources of error.— The principul sources of error to whicli the 
results in Tables III and IV are subject are : (a) those of observation, 
(b)'those due to instability of the microscopes, and (c) those due to flex- 
ure of Si8. The results involve the aggregate effect of these three 
sources, but it is practicable to estimate their separate effects. This 
we now proceed to do. 

The quantities g in equations (1) and (2) of section 8 are of the form 

3 = i(-Bn + -E'n--BB--E's), 
where B^, B'^, and B„ B', denote the microscope readings at the north 
and south ends respectively of Jfji or of a sub-space of B^, as the case 
may be. Hence if e is the probable error of a single microscope read- 
ing, the probable error of q due to this source alone is also e; and it 
follows from the first of equations (2), section 8, that the probable error 

of a single determination of ajj is ± s yj-^. The value of e, as shown by 

direct observation, is less than 0*5'' . Hence the probable error of a 
single value of a?! due to errors of observation alone is less than 0-5''. 

The assumption adopted in computing the values of the sub-spaces on 
Big is that the interval between the zeros of the pair of microscopes 
used in determining any space changed uniformly with the time 
required to make the observations. If this is not a true assumption, 
or if the microscopes were subject to large irregular displacements; 
we should expect to find the probable errors of the quantities q and Xi 
derived from the residuals v of equations (1), section 8, larger than 
those given under (a) above. Such is, in fact, the case. 

It is essential to observe here that errors due to flexure of B^, or 
changes in length of the sub- spaces, if they were at all formidable, did 
not appear in the residuals v of the equations used. Such changes can 
only occur slowly, from day to day, or during longer periods, since they 
are primarily due to the chalnge in shape of the Y-trough, which is 
affected only by marked changes of the surrounding air temperature. 
The time required to make a set of observations in a comparison of M^ 
with a sub-space was only 6 to 8 minutes. It appears practically cer- 
tain, therefore, that the residuals brought out in the computation 
involve only the two sources (a) and (b). 

In the 90 determinations of the 5 sub-spaces there were 450 residuals 
and 270 unknowns, as shown by the formulas (1) and (2) used in the 
computation. The sum of the squares of' these residuals is 351-4, the 
unit being a micron. Hence if Si denote the probable error of a single 
observed value of q, 

£i = ±0-67457jgg:|^=±l-3^ 

whence _ 

probable error of one value of Xi = Sj ^-g- = rt l-S*^, 

/25 
probable error of 2xi = fi , f -g- = ± 2-7''. 



364 U. S. COAST AND GEODETIC SURVEY. 

Comparing these errors with those due to observation alone, it appears 
that the probable error of a value of q due to i nstability of microscopes is 



and that the corresponding value for Xi is only slightly less. 

An examination of the individual residuals of the different sets of 
observations indicates that the assumj)tion of a constant rate of change 
of a microscope interval was frequently not realized. In the entire 
number of residuals there were twenty whose values rose to or exceeded 
2", while six exceeded 3**, the maximum being S-T". These large resid- 
uals, it is believed, are due to sudden displacements of the microscopes. 
No other hypothesis appears competent to explain them, unless it be 
that of sudden changes in temperature of the bars under comparison. 

The above probable error of 2x,, or the probable error of one deter- 
mination of the length of ^,8 is ±2-7". The corresponding value for a 
single determination of 5,7 by the direct process, as given in section 6, 
is ± 3'6 ** . Hence it would appear tliat the process of getting the entire 
length of -Bjs was subject to considerably less error than the direct 
determination of B]-,. 

The group means in the last column of Table III indicate a progress- 
ive change in the length of B'^ during the series of comparisons, which 
extended from April 25 to May 10, 1892. The cause of this change, if 
real, is important, and much study was given to it. 

It may be observed, before considering any other cause, that the two 
sources of error already examined are not altogether incompetent to 
account for the range which these group means show. That range is 
about 8". The probable error of one group mean is, if we adopt the 

probable error of 2xi given above as a basis, - fi = rt l-O". Thus a 

6 

range of 8*" would be accounted foi- by errors of opposite signs no 
greater than four times this probable error, but the probability of such 
an explanation is too small to be satisfactory. Hence we proceed to 
examine the question of the effect of flexure of 5,8 on its observed 
length. 

Since the surfaces of the intermediate graduation plugs of ^la are 
not in the neutral surface of the bar, any change in its curvature will 
tend to displace the fiducial lines on those intermediate plugs. This 
source of difficulty was anticipated, and the measures of the flexure 
with the long striding level, as already explained, were made for the 
purpose of supplying any needed correction. It is obvious that no 
considerable variation in the whole measured length of Bu could occur 
except through large changes in its curvature— such, for example, 
as a change from marked concavity upwards to marked convexity 
upwards. Ko such change occurred, however, the bar remaining, as will 
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presently appear, concave upwards throughout the work. Again, 
since there could be no displacement of the terminal lines of -Bia from 
this cause, the sum of the sub-spaces, as measured at any time, should 
be sensibly free from the effects of displacements of the intermediate 
lines, uuless the bar was subject to marked changes of curvature dur- 
ing the 30 or 40 minutes required to compare the sub-spaces with M^i. 
There is no indication that ^^ underwent any fchanges of curvature 
other than those due to the slowly fluctuating temperatures of the air 
in the comparing room, which were sufficient, it would appear, to affect 
the web of the Y-trough and hence B^ by small amounts. Moreover, 
the observed variations inlength of the sub-spaces, if due to displace- 
ments of the intermediate graduation lines arising from slow changes 
in curvature of Bi^, ought to appear as a linear function of the observed 
changes of curvature. 

Such, in brief, were the considerations which led to the use of B^ for 
the purpose in question, notwithstanding the obvious objection to its 
form, if invariability in length of the sub-spaces is required. Let us 
now examine the facts brought out by the observations. 

From an inspection of the results in Table III it is seen that the 
variations of the quantities x^ are greatest for the intermediate sub- 
spaces. Taking mean values of x-, for the three groups of observations, 
we have 



Date. 


^1. 


f2. 


^3- 


.ri. 


-V5. 


1892. 




/* 


/i 


M 


1^ 


^ 


Apr. 25- 


28 


+ 127 


^ +1-8 


-9-6 


+4-0 


+ 30-0 


May 2- 


4 


+ 13-4 


+2-5 


-5-1 


-f3-i 


+ 29-8 


7- 


10 


+ 12-6 


—27 


+8-0 


-fi-o 


+ 31-4 



Thus it appears that while the observed values of the termmal sub- 
spaces are very accordant in these means, the corresponding values of 
the intermediate sub-spaces are very discordant. The most striking 
cases are those of % and x^, which varied by S-S" and 4-5'' , respectively, 
in their mean values; and one might be led to the inference that the 
intermediate sub-spaces were subject to marked changes in length. In 
line with this inference it is instructive to compare the above mean 
values with the ranges among the corresponding individual values of 
•li for the several groups. These ranges are for— 



, Date. 


Xi. 


Xi- 


-1-3. 


.1-4. 


-t'6- 


1892. 


li 


li 


!'■ 


/i 


u. 


Apr. 25-28 


5-3 


6-0 


6-6 


2-8 


1-6 


May 2- 4 


3-6 


3I' 


' S-5 


5'° 


7-3 


7-10 


2-4 


7-8 


8-1 


3-« 


6-9 
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From these it would not seem safe to infer that the termiual sub-spaces 
were subject to less error iu their determination than the other spaces, 
although the mean values of those terminal sub-spaces are by fa.r the 
most accordant. Moreover, an examination of the above group means 
of Xi does not indicate such displacements of the intermediate gradua- 
tion marks as would result from slow changes in curvature of -Bisj for, 
since the length of any sub-space Si is 

it would appear from those means that, while Si and «5 remained invari- 
able, $2 and Si both increased, the one by 4*5 " and the other by 
3-0 '', and that the middle space «3 increased by 4-5" from the first to the 
second group and decreased by 2-9'^ from the second to the third 
group. It seems very improbable that the intermediate graduations 
could have been so displaced as to leave Si and Ss invariable and at the 
same time cause the specified changes in s^, Sj, s^. 

The observed changes in curvature of B^s are given in Table V 
below. These were measured with the long striding level which 
reached from any plug to the adjacent plug on either side. The value 
of one division of the bubble used on this level was 15". The level was 
always reversed in observing the relative heights of adjacent plugs; 
and as the time required to make such a measure was less than two 
minutes, the observed quantities are subject to no important errors. 
The quantities given in the table are the ordinates of the intermediate 
graduation plugs measured at right angles to the straight line joining 
the terminal plugs of 3^. They are designated by yt, the suf&x cor- 
responding to the number of the plug counting from the A end toward 
the B end. The minus sign indicates that the plug is below the line 
of reference.* 

* If 111, As ... As denote the differences in height of the pings for the snccessiYe 
spaces, and « the slope per metre of the line joining the terminal plugs, the quanti- 
ties 1/i are given by the following equations : 

yi = h — s, 
y2 = hi + li^ — 2s, 
ys = hi + hi + lis — 3s, 
2/4 = h + fe + As -f A, — is, 
=Ai-(-A2 + »3 + A< + 7t5 — 5s. 
The quantities Ai, Aj, Aj, ht, As are observed directly with the striding level. 
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Table V, — -Observed ordinates of curvature of Bis. 
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Date. 




J'3. 


yi- 


.ys. 


■iyi. 


1892. 


mm. 


mm. 


mm. 


mm. 


•mm. 


Apr. 25 


— 0-2S 


—0-23 


— 0-14 


— 0-37 


—0-99 


26 


•12 


■09 


■00 


•18 


•38 


27 


•OS 


■17 


■03 


•24 


•50 


27 


■IS 


•24 


•12 


•33 


•«5 


28 


•12 


•12 


•00 


•27 


SI 


29 


•24 


•19 


— 04 


•29 


•76 


30 


■13 


•04 


+■12 


•07 


■12 


May 2 


■27 


•28 


—•02 


■45 


I -02 


3 


■18 


•24 


■06 


-.42 


091 


4 


•30 


•42 


■27 


■40 


i^38 


S 


•45 


•50 


■3S 


■31 


i-6i 


7 


•2S 


•35 


■26 


■39 


r2S 


9 


•22 


•35 


•25 


•27 


1-09 


10 


■4^ 


•54 


■37 


•37 


1-74 


10 


•48 


•SO 


•37 


•35 


1-69 



The results in this table show that the bar was concave upwards 
throughout the work. The mean values corresponding to the three 
groups of comparisons of the sub-spaces are 





yr- 


yi-' 


y*- 


yi- 




mm. 


mm. 


mm. 


mm. 


Apr. 25-30 


— 0-14 


—017 


— o-o6 


—0-28 


May 2- 4 


•25 


•31 


■12 


•42 


May 7-10 


•35 


•43 


'P 


•34 



These, "with the exception of ysj show an increase by small amounts 
of the concavity with the time. This is precisely what we should expect 
from the slow seasonal rise of the air temperature ia the comparing 
room. They do not appear to bear any relation, however, to the 
observed changes in the values of the sub-spaces. 

What, then, could have been the cause of the large variations in the 
values of the group means of the intermediate sub-spaces? I am unable 
to answer this question except with the suggestion that the shifting 
of the iced bar and metre from one position to another under the beam 
to which the microscopes were attached produced at times systematic 
changes in the intervals between those microscopes. If such changes 
occurred, one would expect them to be greater for the intermediate 
microscopes than for the terminal ones, for neither the Y-trough nor the 
box in which the metre was iced projected beyond the terminal micro- 
scopes, and currents of air due to the nearness or remoteness of the ice 
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loads would obviously be most efi'ective in disturbing the iutermediate 
- microscopes. 

Finally, recurring to the comparisons of B^ and -Bis, the results of 
which are exhibited in Table IV, no indication is seen of a change in 
the entire length of -Bis. In fact, the results in Table IV do not show 
any striking anomalies. The range amongst the means of the different 
sets of comparisons is but 5-5'' , and the group means agree quite as 
well as one could expect. 

(11) Adopted length of B^ derived by aid of B^. — In the absence of a 
satisfactory explanation of the variation of the observed values of -6,8 
in terms of M21, we can do no better than to take the mean of the three 
group means in the last column of Table III for the relation of these 
two bars. This relation is 

:B,8 = . 571/2^-54-2'' ±1-6", 

the probable error being derived from the discrepancies between the 
three individual values and. their mean. To this value there is to be - 
added, a correction of ^-0-1", which is the average amount by which 
the distance between the terminal marks of jBij fell short of the sum of 
the sub-spaces. It is found by projecting the sub-spaces on the line 
joining the terminal marks, the data for such projection being given in 
Table V. Applying this correction and introducing the value of -M21 
at 0° C, namely, 

ilL, = l"' + 2-5'', 
there results 

^18 = •">'" - il-S" ± 1-6" at 0° 0. 

In deriving values for the relation of B^ to .Big we may take the means 

of the observed values for the two orientations of ^^ and compute the 

■ probable errors of these means from all the discrepancies between them 

and the individual measures on which they depend. Thus we .h~ave 

from Table IV ' 

Bu = -B18 + ;5<)-3 " ± 0-9 " , A end of B„ north. 
-B,, = if,8 + :i9-!» ± 0-9 , A end of By, south. 

Introducing in these last equations the value of -B,8, given above, 
there result for the length of .B,, in melting ice 

i(n = 5'"-ll-.r ±1-8% A end of ^^ north, 
^n = 5 - 11-9 ± 1-S , A end of i?,, south. 

(12) Values of sub-spaces of .B18.— Since the subspaces of _B,g afford 
multiples of one metre up to five metres, it may not be out of place to give' 
the values of the several sub-spaces resulting from these comparisons. 
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Taking means of the three group means given in section 10 for each 
value of Wi, we find 

«,-+ 12-9'^ ±0-7", 
X2=+ 0-5 ± 0-7 , 
003 = + 7-6 ± 0-7 , 
• Xt=+ 2-7 ± 0-7 , 
005=+ 30-4 ± 0-7 . 

The probable errors assigned to these values are derived from the 
residuals resulting from a comparison of each adopted mean with its 
three group means. Thus the sum of the squares of all the residuals 
is 33'0. The number of residuals is 15, and the nupaber of unknowns is 
5. Hence the probable error of one group mean is ± 1*2'', and the 
probable error of each adopted value of a;i is ± 1'2''/ V3 = ± 0-T^. 

Since any sub-space Si is expressed by the relation 

Si = Mil — Xi, 
wherein 

Jlf2i = l^ + 2-5'', 
there results for the sub-spaces on B^s when it is packed in melting ice 

s, = l"»-104''±0-7'', 



S2 = l 


+ 2-0 


=t 0-7 


«3 = 1 


- 5-1 


±0'7 


«4 = 1 


- 0-2 


±0-7 


s,=l 


-27-9 


±0-7 



These spaces, it may be again remarked, are the successive spaces on 
Bis, counting from its A end toward its B end. It must be observed, 
also, that these values appertain to B^ when supported and aligned in 
the Y-trough, as already explained at length. 

_ DETERMINATION OF B^ ON NEW COMPARATOR. 

(13) Description of apparatus. — On completing the determinations of 
Bn by aid of the oifice comparator, and studying the results after the 
manner detailed in the preceding sections, it became evident that any 
value which might be adopted for Bit would not have a precision com- 
parable with that attained in the use of the iced bar apparatus on the 
100'" comparator and standard kilometre of Holton Base. It was plain, 
also, that the principal source of the difficulty which thus presented 
itself lay in the instability of the microscopes of the office comparator. 
The question which logically followed, and which it appeared essential 
to answer, was whether this instability gave rise to any systematic 
error in the length of ^k. The long series of direct determinations of 
February to March, 1892, did not seem to justify an afifiirmative answer 
to this question ; but the indirect determinations by aid of Bi^ did not 
S. Ex. 37—24 
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warrant a negative answer. There appeared to be no way out of tMs 
dilemma except to build a comparator designed especially for the pur- 
pose of getting the length of Ba. Accordingly plans for a new com- 
parator were drawn up and approved by the Superintendent of the 
Survey, and the work of construction was completed during June and 
early July, 1892. It was designed with a view to direct determinations 
by measuring a distance of 5"" with a Prototype in ice and then trans- 
ferring this distance to B^ in the manner already described. 

This comparator was constructed in a vacant lot adjacent to the 
Survey Office. Briefly described, it consists of six brick piers resting on 
a continuous foundation of 6 cubic metres of well-rammed concrete. 
The foundation is 1" by 1™ in cross section and rises to the level of the 
ground surface. The foundation and piers are both set in Portland 
cement and their combined weight is about 12 tons (11000 kilo- 
gTammes). The exposed parts of the foundation and the ground near 
about are covered to a depth of a decimetre with sawdust. The termi- 
nal piers were arranged to receive the Survey microscopes 5 and 6, 
already described in section 1. Connection between these microscopes 
and the piers was secured by means of heavy cast-iron plates, held fast 
by long bolts built into the piers, insuring thus ample rigidity. The 
intermediate piers had built into them heavy stone posts, on which the 
post caps of the Eepsold microscopes could be mounted as when used 
in fleldwork. These connections were also very rigid ; and the great 
weight of the piers and foundation, which were virtually one mass, 
gave a very satisfactory degree of stability. The piers were ranged 
in an east and west line, nearly. To protect them from the sun and 
storms a shed 8'6™ long by 3'" wide was built over them. The north 
side of the shed was left open until after the comparisons of July and 
August, 1892. were completed, a temporary cover -of canvass being 
applied at night-time, or when the comparator was not in use. It was 
thus possible to use daylight for illuminating the microscopes, and a 
free circulatiou of air was permitted within the shed. To protect the 
microscopes from currents of air and from the ice packs of the bars, 
their tubes and their metallic connections with the piers were heavily 
wrapped with cotton batting. 

The axes of the microscopes were made vertical by means of levels 
attached to their tubes. Their axes were put into one vertical plane 
and their focal planes made nearly coincident by bringing them all to 
focus and bisection on a fine thread stretched under them. The remain- 
ing small differences in elevation of the focal planes were measured 
from time to time by observing the readings of a level (having 12-5" per 
division) attached to Prototype No. 21 when it was brought to focus 
under the microscopes. 

The metre and 5™ bars were moved under the microscopes on portable 
tracks supported on posts isolated from the piers. The track for the 
metre was a stiff truss of cypress wood. One rail of .this truss had a 
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cross section- shaped like a truncated A, while the other was fl^it. The 
car carrying the metre box was^ade to slide on these rails. By laeans 
of suitable lateral and longitudinal stops this truss could be held in 
such a position that only small lateral motions of the metre box on its 
car were required. These small lateral motions and small longitudinal 
motions as well, oj the box on the car, were accomplished by means of 
a. system of slow-motion screws. The metre box was also provided 
with three leveling screws. These provisions made it possible to bring 
the metre to focus, and to position within a few microns, with ease and 
rapidity. 

The 5"" bar was mounted in its Y-trough and moved on the same cars 
and track used with it in the fleldwork. It was handled, in fact, in 
the determinations about to be given, in precisely the same manner as 
in measuring a line in the field. 

Both bars were moved under the microscopes along the south side 
of the piers. When the metre was not under observation it was 
removed, together with its car and track, to suitable brackets on the 
south side of the comparator shed. When Bi-, was not under observa- 
tion it was run out of the east door of the shed on the portable track 
and left under an awning alongside the supply of ice and the ice- 
crusher. 

The platforms on which the observers stood were isolated from the 
piers and from the track supports, so that the movements of the observ- 
ers produced no disturbance of the piers or of the bars. The piers were 
about 25™ from the nearest street. Only heavily loaded vehicles, which 
passed quite infrequently on this street, produced any perceptible 
vibration in the piers. On no occasion was it considered essential to 
stop observing on account of such minute vibrations. 

The piers and the adjacent parts of the shed on the north side were 
whitewashed, and this aided in producing .an abundance of white light 
for illuminating the microscopes. In this regard the conditions for 
ease and comfort in observing were much superior to those aflbrded by 
the electric lights of the office comparing room. 

(14) Methods of observatioti. — The study of the earlier direct determi- 
nations of July, 1891, and February and March, 1892, indicated the 
desirability of increasing the number of measures with the prototype 
metre relatively to those with Bn in any set of observations. Accord- 
ingly the following programme was adopted and adhered to throughout 
the determinations on the new comparator, the symbol D representing 
as hitherto the distance between the zeros of the terminal microscoj)es 

5 and 6 : 

(1) A measure of D with the prototype Mn. 

(2) A measure of D with B^. 
(.3) A measure oY D with M21. 

(4) A measure of J) with Bn. 

(5) A measure of D with M21. 
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The measures witli the metre started alternately from the west and 
east ends of the comparator. The micrometric readings on either bar 
were made simultaneously by the two observers, who exchanged posi- 
tions in every case to eliminate personal equation. Small distances, 
amounting to a few microns only, were measured with the intermediate 
Eepsold microscopes, whose magnifying powers are but twenty- seven 
diameters, while the terminal microscopes 5 and § have a power of 
fifty diameters. 

The measures with B„ were made in the manner described at length 
in section 10 of Chapter I. That is, the rear (west) end of the bar 
was first brought to bisection by means of the car lever, while the 
bisection at the front end was made by turning the micrometer screw 
at that (east) end. The observers then exchanged positions, and the 
same operation was repeated in the reverse order, the bar being 
brought to bisection by the car lever at the east end and the microme- 
ter threads moved to bisection at the west end. Two sets of such 
observations were generally made. 

Both bars were fully iced from half an hour to an hour before observ- 
ing on them. A slightly greater quantity of ice was used on both bars 
than in the previous determinations made during the winter in' the 
comparing room, where the air temperature averaged about 6° C. The 
average air temperature during July and August, 1892, when the pres- 
ent determinations were made, was about 35° C. However, when 
protected by the felt covers of the metre box and Y- trough, the ice did 
not appear to melt much faster than it did under the far lower winter 
temperature. Throughout this series of comparisons the ice about Bn 
was shaken up and replenished just before bringing it under the micro- 
scopes for observations, and the prototype was similarly treated at 
intervals of twenty to thirty minutes. Prom very careful personal 
attention to the packing of these bars, I am confident that they were 
subject to no sensible variations in length due to variations in tem- 
perature. 

The observations were made by Messrs. John S. Siebert and R. S. 
Woodward, and the record was kept by Mr. Orville G. Brown. The 
computations were made and checked in all parts by the same parties 
as the work of observation progressed. 

(15) Method of computation. — The considerations on which the method 
followed in deriving the length of B^ depends are similar to those set 
forth in section 3 above. But since the data were in some respects 
different, it seems proper to state the present case briefly by itself. 

If the positions of the microscopes of the comparator remained inva- 
riable, or if the measured quantities were affected by errors of observa- 
tion only, the distance D between the zeros of the terminal microscopes 
flrould be given by each of the following equations, corresponding to 
the several measures of the programme in section 14. 
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(1) D = 5112, + Q, + 1)1. 

(2) = Bn + Q^+Vi. 

(3) =5Jlfj,+ Q3 + V3. 

(4) = B,,+ Q,^Vi. 

(5) =5ilf2l+ft+t'5. 

In these, Q\Q2. . . are the micrometric quantities resulting from the sev- 
eral measures, and «i v^. . . are the corresponding corrections. But 
the hypothesis of constancy of position of the microscopes, or of invari- 
ability of D, is inadequate. It appears, hovever, from the observations, 
that the assumption of a constant rate of variation of D is quite satis- 
factory, and this is the one adopted. 

The time intervals between the several measures (1) (2) . . . (5) are 
nearly equal, being about 7*5 minutes each on the average. Hence, if 
■we call z the rate of change of B and put as hitherto 

x = 5Mii— Bn, 
y= B -5Jf2„ 

and take the time of the measure (3) as the epoch of B, the following 
observation equations result : 

2/ - 2« - Qi = vi, 
x + y- z-Qi = Vi, 

y — ft = «3, (1) 

If we assign a weight unity to each of the rfteasures with Bn, or to Q-z 
and <?4, and a weighty? to each of the measiu'es with M21, or to Qy, Q3, 
and Qi, the normal equations are 

2x + (3iJ ,+ 2)2/ = p{Qi+Q,+ Q,) +Q2+ Q„ 

2+2 = Q2+Qi, (2) 



These give 



sc= i (Q2+Q,) -UQi+Q^+Q^), 
y= m^+Q^+Qi), 



8p + 2 

Since the quantities Qi, Q3, Qs depend on the half algebraic sum of 
twenty independent microscope readings, while Q2 and Qt depend on 
the half sum of four to eight such readings^ the probable errors of the 
former would stand to those of the latter as ^/5 to 1, or as -/S to 1/2, 
as the case may be, provided the errors involved are of the accidental 
sort. If the errors are those of observation only, the ratios just given 
are the proper ones for determining the relative weights. But it is 
certain that the most formidable errors are not due to defects of 
observation, and hence some doubt may be entertained as to the best 
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value of the weight p. In order to test the matter with the actual 
data, half of the observations were treated on the supposition that 
jp = 1 and half on the supposition that p == 1/5. The results indicated 
that the' latter supposition is the more appropriate one, and it was 
therefore adopted for all the work. A mere inspection of the data, in 
fact, shows that the weights of Q,, Qs, Qs, should be much less than the 
weights of Qt and ^4. 

(16) Data and results. — Table VI following gives the principal data' 
of the series of determinations of Bn on the new comparator. The 
observations extended from July 18 to August 10, 1892, and the table 
embraces every determination made. The first column gives the date; 
the second gives the times of beginning and ending^ of a set of obser- 
vations ; the third designates the orientation of the prototype metre 
M21. The next three columns give the quantities Qi, Q,,, Qs, which 
are the observed excesses of the distance D between the zeros of the 
terminal microscopes over 5M2\, while the last two columns give the 
quantities Q2, Q4, which are the excesses of D over Bi-,. It is to be 
remarked that these Q's change from time to time by reason of changes 
in the adopted zeros of the microscopes, as well as by reason of changes 
in the relative positions ot the microscopes themselves. Those zeros 
which were most convenient in computing the Q's were, in general, 
adopted, but the same zeros were retained throughout any day's work, 
so that the stability of the terminal microscopes is w«ll shown by Q2 
and Qi especially for any date. For greater clearness of perception the 
sets of observations are spaced off with extra leads in groups by dates. 

Table VI. — Data for length of B{i in ice. 



Date. 


Time of day. 


End of 
metre 
west. 


Q. 


Qa 


Qs 


Qj 


Q4 

+ 19-0 
+34-9 


1892. 
July 18 


1:15 to 
2:14 


1:56 p.m. 
3:02 


A 


+ 6-4 
+ 6-4 


+ 0-8 
+ 11-8 


+ 3-8 

+ I2-I 


+ 19-0 
+31-9 


20 


10:51 
I:o8 

1=54 


11:29 a. m. 
1:41 p. m. 
2:31 


B 


—30-9 
—17-4 
— 9-4 


— 26-9 

-21-5 

- 7-S 


— 24-0 

— 12-5 

-8-4 


+ 3-1 
-|-io-i 

+ s-i 


-+ 1-0 

+ 8-9 

-f 12-1 


21 


10:52 

11:40 

l:l6 

1:58 


11:27 ^- ™- 
12:13 p. m. 

1:46 

2:26 


A 


+ 9-8 
+ 0-S 

+ 0-2 

+ 6-6 


— 02 
+ 1-8 

— i'3 
+ 1-7 


— 3-0 
+ 0-9 
+ 6-1 

- 4-6 


+28-8 
+26-8 
+25-6 

-+277 


+327 

+27-3 
+29-9 
+27-0 


22 


10:37 

II:ZI 

1:18 


11:09 a. m. 

11:51 
2:00 p. m. 


B 


+ 14-3 
+ 13-8 
+25-5 


+ 14-2 
+ 19-6 

-f26-2 


H-I2-8 

+17-5 
+26-8 


+42-0 
+39-6 
+52-0 


+42'2 
+40-4 
+S17 


— 26 


1:52 
2:30 


2:26 p. m. 
2:59 


A 


— 4-4 
-6-4 


— IO-6 

— 72 


-6-4 
— 4-4 


+ 12-6 

+ 0-9 


+ 17-0 
+11-4 


27 


10:45 

II:20 

12:00 

»:I5 


11:13 ^- ™- 
11:48 

12:26 p.m. 
■1:51 


B 


+ 19-5 

+ 18-2 
+ 22-1 

+25-9 


+ l8-2 

+19-0 

+ 20-3 

+26-4 


+ 17-3 
+ 187 

+ 19-4 
+23-8 


+46-3 
+38-5 
+46-5 
+52-9 


+41-9 
+45-8 
+46-2 

+S4-9 
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Date. 


Time of day. 


End of 
metre 
west. 


e. 


Qs 


0« 


Q. 


Q4 


1892. 
July 28 


11:00 to 11:32 a. m. 
11:38 12:10 p.m. 
1:07 1:36 


A 


-f-121 

+ 16-3 
•+i8s 


+2^.8 

+ 31-5 

+25-8 


1^ 
+ 17-1 

+ig-3 

+ 21-4 


+40-9 
+41-8 
+48-3 


+43-8 
+41-9 
+45-4 


Aug. 4 


.11:54 
12:36 


12:33 P- m- 
1:13 


A 


+ 13'2 
+ 12-2 


+ i6-8 

-|-20-0 


+177 

+21-9 


+42-9 
+49'2 


+45-8 
+46-4 


s 


10:25 
II:II 

11:53 
l::8 


10:58 a. m. 

11:43 

12:23 p.m. 
1:48 


B 


+iS-6 
+ 13-2 
+ i6'8 

+ 15-0 


+ II-2 

+ 15-6 
+ 14-2 
+ 15-6 


+ 11-8 

+ 17-4 
+ II-6 
+ 17-8 


+41-5 
+46-1 

+44-3 
+48-2 


+41 '4 
+43-3 
+47-6 
+487 


6 


10:28 


11:12 a.m. 


A 


-i6-5 


-i8-8 


-15-6 


+ 16-6 


+ I6-6 




11:22 

I2:to 

1:32 


II:S9 

12:37 p.m. 
1:38 




-.3-6 

-157 
-17-6 


— 12-2 

— 14-8 

— 12-6 


—147 
— IO-6 

- 7-2 


+ 15-8 
+ 17-0 

+ 22-9 


+ 15-9 

+ 20-8 

+23-4 


8 


10:40 
II:II 

11:59 
1:14 


11:06 a. m. 
11:38 

12:26 p.m. 
1:41 


A 


' — 7-3 
- — 21 

— 31 

+ 5-2 


-8-3 

— 40 

00 

+ 0-6 


— 10-9 
— 2-9 
+ i-o 

+ 2-2 


+21-3 
+24-3 
+257 
+32-1 


+227 
+24-0 
+31-2 
+337 


9 


10^27 

11:05 

11:45 

1:07 

1:41 

2:08 


II :00 a. m. 

11:35 
12:17 

1:36 p. ro. 

2:04 

2:31 


B 


+427 
+46-9 

+47-8 

+52-3 
-|-6o-i 

+587 


+44-6 
+467 
+50-I 
+507 
+53-0 
+58-3 


+46-3 
+48-4 

+49-9 
+52-8 
+59-6 
+S9'2 


+73-5 
+76-0 

+79-5 
+ 85-1 
+92-0 
+ 95-3 


+73-5 
+80-5 
+80-4 
+89-0 
+91-6 
+927 


10 


10:41 
11:12 
11:43 


il:o6a. m. 

11:37 
V:o7 p. m. 


A 


+ 8-0 
+ 3-0 
+.7-5 


+ 3-0 

+ 77 
+ 47 


+ 5-6 
+ 5-1 
+ 9'9 


+31-0 
+31-1 
+33-4 


+35-1 
+337 
+33-2 



Table VII following gives the results of the computation, according 
to equations (1) and (3) of section 15, based on the data of Table VI. 
The first column gives the date of observation. The second column 
gives the quantity 'x ■= 5M21 — Bn, resulting from a set of observations ; 
the third gives y = I>—5M2^, the D here being the most probable value 
of the interval between the terminal microscopes at the middle time of 
the observations in any set; the fourth gives is, the rate of change of D, 
or the most probable change in D in 7*5 minutes, about. The next three 
columns give the residuals Vi, V3, %, or most probable corrections to 
Qh Q37 Qs} respectively; while the two following columns give the resi- 
duals V2, V4, for Qi, Qi, respectively. The last column gives the sum of 
the weighted squares of the residuals, this sum being designated by 
[pvv]. The value adopted for p is 1/5. It may be remarked that the 
sums V2 + V3 + V5, and Vt + Vi should each be equal to zero within a 
tenth of a uuit. The groups of values for the several dates are spaced 
off'.by extra leawis as in Table VI. The times of day when the several 
sets of observations were made are given in Table VI. 
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Date. 


Jt: 


y 


£ 


V, 


V3 


Vi 


V2 


Vi 


|>ot] 


1892. 
July 18 


_23-3j 


+ 37 

+ IO-I 


— a-29 
-1-47 


— 2-1 

-I-0-8 


■ M 
+2-9 

-17 


—07 
+°-9 


M 
o-p 


+0-3 
0-0 


J2-84 
0-87 


20 


+ 29-3 
26-6 
17-0 


-27-3 
—171 
-8-4 


--o-i8 

— 0-2I 

+2-17 


+3-2 
—3-3 


—0-4 

+4-4 
-0-9 


+2-9 
—4-2 
+4-3 


—1-3 
—0-8 

+ 1-3 


+ 1-2 

4-0-8 
—1-3 


6-89 
8-68 
9-42 


21 


+ 28-6 
259 
261 
26-2 


+ 2-2 
+ I-I 
+ 17 
+ V2 


— 0-34 
+o-i8 

+ I-8S 
—1-44 


-6-9 

-|-0-2 
— 2-2 

-2-5 


+2-4- 

-07 

+3-0 
-0-5 


+4-S 
4-0-6 
-07 
+2-9 


+2-3 
00 

+0-4 
+ I-I 


—2-2 
— O-I 

— I-O 


24-88 
0-19 
3-12 

5-39 


22 


+ 28--3 
23 
25-6 


+ 13-8 
+ 17-0 

+ 26-2 


^01 1 

+0-63 
+o-o6 


—0-3 

+ 1-9 
-I-0-6 


— 0-4 

-~2-6 

00 


+0-8 
+0-8 
—0-5 


-|-0-2 
— 0-2 

— 0-3 


^0-2 

+ 0-2 
+0-2 


0-26 

2-28 
0-26 


26 


+r2i-9"] 

I2-2_ 


- 7-1 

— 60 


+ I'00 

+3-14 


—47 

-sv 


+3-5 

+ 1-2 


+ 1-3 

+47 


+ 1-2 
+2-2 


— 1-2 

— 2-1 


10-09 
20-92 


27 


+ 25-8 
23-6 
25-8 
28-s 


+ I8-3 
+ I8-6 

-J-20-6 

+25-4 


-1-47 

+ 2-08 

—0-38 
+0-32 


+17 
-3-8 
—07 
— I'l 


+0-1 

—0-4 

+0-3 
— 10 


—1-9 

+4-1 
+0-4 

+2-2 


-07 

+ 1-6 
+0-3 
+07 


+0-7 

-i-s 

— 0-2 

— 0-7 


2-28 

11-09 

0-28 

2-39 


28 


+ 22-8 
25-4 
249 


+19-0 
+17-0 
+21-9 


+0-36 
+1-36 
— 0-48 


+2-0 

+ 2-2 

+4-4 


— 4-8 
—3-9 


+0-4 

+ 2-6 


—0-4 

+ 0-I 

— i-o 


+0-3 

0-0 

+0-9 


2-33 
6-94 

8-77 


Aug. 4 


+ 28-5 
298 


+ 15-9 
+ 180 


+ I-3I 
+0-30 


-fo-2 

• +5-2 


— 0-9 

— 2-0 


+0-8 
—3-3 


+0-2 
—17 


—01 

+17 


0-30 
14-17 


S 


+ 28-5 
29-3 
31-8 
32-3 


+ 12-9 
+ 15-4 
+ 14-2 
+ I6-I 


— 0-45 
— 0-31 

+0-36 
+0-35 


— 1-8 

+ 2-8 

-3-3 
+0'4 


+ 17 
— 0'2 

o-o 
+0-S 


+0-2 

— 2-6 

+3-3 
— i-o 


. +0-3 
— II 

+ i;3 


—0-4 

+I-I 

1-2 

+0-1 


148 

5-35 
7-69 

0-33 


6 


+ 33-6 
293 
326 

357 


—17-0 
—13-5 
-137 

-I2S 


-fo-io 
— 0-09 

+ 1-62 
+ •'29 


—07 

+0-3 

— 1-2 

+2-5 


+ 1-8 

-1-3 
+ I-I 

+ 0-1 


— 1-2 

+ I-0. 

+0-I 

+27 


1 — O'l 

+0-I 

+0-3 
^10 


+0-I 
— 0-2 
—0-3 
+ 1-1 


1-05 
0-63 
0-51 
4-92 


8 


+ 30-8 
27-2 
29-1 
30-2 


— 8-8 

— 3-0 

— 07 

+ 27 


— 001 
— 0-I7 
+ 1-98 
+o-o8 


— i-S 
—0-6 
—1-6 
-27 


+ I-0 

+2'I 


+2-1 

— 0-4 

■+2-3 

+07 


+07 

+0-1 

+07 

+o-jf 


—0-7 

00 

—0-8 


2-36 
0-31 
2-8o 

3-42 


9 


+ 29-0 
30-9 
307 
35-1 
34-2 
35-3 


+44-S 
+47-3 
+49-3 
+51-9 
+57-6 
+587 


+0-40 
+ 1-42 
+0-48 
-I-I-I4 
— 0-17 
— 0-67 


+ I-0 

—2-4 

+0-5 
—27 

— 2-2 

+ •■3 


— o-i 

+0-6 
— 0-8 

+ 1-2 

+4-4 
+0-5 


— I'O 

+17 

+0-4 
+ 1-4 
—2-3 
— 1'8 


— 0-4 
. +0-8 

o-o 
+o'8 

o-o 

—0-6 


+0-4 
—0-9 

+0-I 

—0-9 
0-0 

+0-6 


0-72 

3-25 

0-22 

3-59 
5-90 
1-76 


10 


+ 27-5 
27-1 

25-9 


+ 5-5 
+ S-3 
+ 7-4 


+0-87 
+0-96 

■^0-2I 


—4-1 
+0-4 
-0-5 


+2-5 

-2'4 

+27 


+ 1-6 

+2-1 
— 2-1 


+I-I 

+0-3 
—0-3 


— 1-2 
—0-3 

+0-3 


777 
2-25 

2-S7 



(17) Corrections to the computed values of x. — The computed values 
of X in Table VII are subject to two small corrections. Tlie first of 
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these depends on the inequalities in heights of the focal planes of the 
microscopes. The microscopes were adjusted to near equality in 
heights of their fqcal planes by the method explained in section 13, but 
owing to some unexplained cause, microscope 6, which was attached to 
the east pier of the comparator, was given a position about 2°'"' too 
high. This maladjustment was discovered on July 19, but since it 
could be measured accurately it was not corrected until August 3. 
Measurements of the inequalities in heights of the focal planes were 
made on July 19, 20, 26, and August 3, by means of a level attached 
to the prototype metre, as already explained. The microscopes 
were arranged in the order 5, 1, 2, 3, 4, 6; 5 being on the west pier, 6 
on the east pier, and the others on the intermediate piers. The follow- 
ing are the mean values of the differences in height of the focal planes 
resulting from the measures, seven in all, for the determinations 
extending from July 18 to July 28. The plus sign preceding a result 
show| that the focal plane of the east microscope of any pait is the 
higher. 

mm. 
Difference for 5 and 1 — 0*34, 

1 and 2 +0-52, 

2 and 3 -0-30, 

3 and 4 -f 0-32, 

4 and 6 +1-85, 
Sum +2-05. 

These results show that the sum of the projections of the metric 
spaces on the horizontal focal plane of microscope 5 is 2-0'' less than 
the sum of those spaces. Likewise, since the plane of microscope 6 is 
2-05"" higher than the plane of 5, the line joining the foci of 5 and 6 is 
0'4'' longer than the projection of this line on those planes. Hence the 
effective correction to the quantities Qi, Q3, Qs is — 2-0'* + 0.4*^ = — 1-6'^ , 
or the correction to a? is + 1-6'^ . This is to be applied to every value 
of a; up to July 28, inclusive. 

On August 3, microscope 6 was re-adjusted, and it and the others 
were then left undisturbed throughout the remainder of the compari- 
sons. Measures of the relative heights of the focal planes were made 
on August 5 and 10. The resulting mean values from the three meas- 
ures are as follows : 

mm. 
Difference for 5 and 1 —026, 

1 and 2 +0-48, 

2 and 3 —0-31, 

3 and 4 -f 0-40, 

4 and 6 -0-12, 

• Sum +0-19. 

The corresponding correction to x is +0-3'' , and this is to be applied 
to all values of x from August 4 to 10, both inclusive. 



378 U. S. COAST AND GEODETIC SURVEY. 

The second correction dexJends on the curvature of jB^ in a vertical 
plane. This curvature is measured by means of the long striding level 
as explained in Chapter I, section 9. The correction is so small that 
it has been neglected in all previous work, though its amount was less 
in that work than in the work now considered. The theory of the 
computation of this correction from the level readings is given in 
Supplement A. It may suffice here to give the values of the computed 
corrections. They are as follows : 

- 1^- 

July 18, 1892, 0-01, 

21, -09, 

27, ■ -35, 

Aug. 4, -OS, 

6, -07, 

8, -09, 

9, -31, 
10, -13. 

These are so small that they might be ignored without material 
error, biit since it is believed that they represent determinable quan- 
tities, we shall here apply them. It may be remarked that their vari- 
ability is undoubtedly due to the effect of the external air temperature 
on the web of th^ Y-trough so long as the vertical adjusting screws 
under the bar are left undisturbed. The observations show, in fact, 
that if the bar is made straight for any given external temperature, it 
becomes convex upwards for an increase of that temperature. The 
adjusting screws were left undisturbed during the series of determina- 
tions extending from July 18 to July 28, and it will be seen by reference 
to Table YIII following that the maximum correction of July 27 cor- 
responds to the maximum air temperature of the series. A like 
remark applies to the series extending from August 4 to 9, the maxi- 
mum correction corresponding to the maximum air temperature of 
August 9. (See Table IX). 

Considering the small number of determinations of corrections in the 
series of July, we may adopt a single mean value for application to x, 
viz, 0'2'' . For the series extending from August 4 to 9 we shall adopt 
O'l'' for all dates except August 9, and the observed value O-S" for the 
latter date. The value adopted for August 10 is also the observed 
value, the bar having been turned end for end and re-adjusted on that 
day. 

Since the curvature of J5n diminishes .the interval between its termi- 
nal lines, these corrections^ must be applied to the quantities x with 
the negative sign. 

(18) Adopted individual and mean values of x. — Tables VIII and IX 
following show the adopted values of x and various data pertaining 
thereto for the two orientations of ^n in the Y-trough. 

In making up these tables the results of July 18 and 26 have been 
rejected for the following reasons: On these dates the microscopes 
were taken apart, cleaned, and wrapped with cotton batting just 
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before observing with them. In addition, the leveling and clamp 
screws of the intermediate microscopes 1, 2, 3, 4 WQre tightened. It is 
thought that the anomalous results of these two days are due to move- 
ments of the microscopes before reaching their most stable positions after 
replacing their objectives and rewrapping them in cotton. 8ubse- 
.quently, when any such adjustment was made, the apparatus was 
allowed to stand at least one day before using it. Similarity of con- 
ditions, then, if there were no other reason, would seem to require that 
these results be omitted. 

Table VIII gives the results obtained with the A-end of i?n west, and 
Table IX those obtained with the A-end of -B^ east. The first column 
of either table gives the date; the second the maximum air tempera- 
ture of the day as observed under the comparator shed; the third 
specifies the orientation of the metre; the fourth gives the computed 
value of a; from Table VII; the fifth the correction for inequality in 
heights of focal planes of the microscopes, or slopes of metre; the sixth 
the correction for curvature of B^; the seventh the adopted value of a?, 
and the eighth the residual, found by subtracting any observed so from 
the mean value. 



Table VIII. — Adopted values of x = 5M%i — B 


17 {A-end of B 


17 west). 


D^te. 


Max. air 
tempera- 
ture 
■of day. 


End of 
metre 
west. 


Computed 

valu-e 

otx. 


Correction for^ 


Adopted 

X. 


Mean a; 
for date. 


.. 


Slopes of 
metre. 


Curvature 
of £„. 


1892. 

July 20 



320 C. 


B 


1^ 
+ 29-3 
266 
17.0 


-fl-6 
1-6 


—02 
•2 
•2 


-f307 

28-0 

^ 18-4 


+ 257 


-3-8 
— i-i 

+8-5 


21 


31-0 


A 


286 

25-9 
261 
26-2 


+ .■6 
1-6 
i'6 
1-6 


—0-2 
■2 

•2 


30-0 
27-3 
27'S 
27-6 


28-1 


—3-1 
— 0-4 
—0-6 
—07 


22 


33-S 


B 


28-3 
23-0 
25-6 


1-6 
1-6 


— 0-2 
■2' 
■2 


297 
24-4 
27-0 


27-0 


—2-8 

-f2-S 
—01 


27 


38-S 


B 


25-8 
23-6 
25-8 
28s 


-fi-6 
r6 
1-6 
1-6 


— 0-2 
•2 
■2 
•2 


27-2 
25-0 
27-2 
29-9 


27'3 


— 03 

+ 1-9 
—0-3 
—3-0 


28 


36-0 


A 


22-8 

25-4^ 

24-9 


-f-r6 

' 1-6 

i'6 


— 0-2 
■2 
•2 


24-2 

26-8 
26-3 


25-8 


+27 
-l-o-i 
-i-o-6 


Aug. 10 


36-0 


- A 


27'5 
27-1 

25-9 


-fo-3 
•3 
■3 


— o-i 

■I 
■I 


277 
27-3 

. 26- 1 


27-0 


— 0-8 
— 0-4 
+0-8 



Mean value oi x, 26-9IC -^o-^f 
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Table IX-—Adoptsd values of i» = 5ilf 2, — ^n {A-end of Bn east). 



Date. 


Max. air 
tempera- 
ture 
of day. 


End of 
metre 
west. 


Computed 

value 

ot X. 


Correction for— 


Adopted 
jr. 


Mean a; 
for date. 


V. 


Slopes of 
metre. 


Curvature 
of B„. 


1892. 
Aug. ■ 4 



345 C. 


A 


+28-5 
' 298 


+0-3 
•3 


— o-i 


1" 

+28-7 
30-0 


+29-4 


+ 2-6 

+1-3 


S 


300 


B 


28-5 
29-3 
31-8 
32-3 


' +0-3 
■3 
•3 
•3 


— o-i 


28-7 
29-5 
32-0 
32-5 


30-7 


+2-6 
+1-8 
—0-7 

— 1-2 


6 


32-5 


A 


33-6 
29-3 
32-6 
357 


+0-3 
•3 
■3 
■3 


— O-I 


33-8 
29-5 
32-8 
3S-9 


330 


-2-5 

+ 1-8 
-i-S 
-4:6 


8 


34-S 


A 


30-8 
27-2 
29-1 
30-2 


+o'3 
•3 
•3 
•3 


—O-I 


31-0 
274 
29-3 
30-4 


29-5 


+0-3 
+3-9 
+2-0 
+0-9- 


. 9 


37-S 


B 


29-0 
309 
307 
35-1 
34-2 
35-3 


+0-3 
•3 
•3 
■3 
•3 
■3 


— 0-5 

■3 
•3 

■3 


29-0 
309 
30-7 

3S-I 
34-2 
35-3 


32-S 


+2-3 
+0-4 
+0-6 
-3-8 
—2-9 
—4-0 



Mean value of x, 31-34/* + 0-4/* . 

The individual values of a; in Table VIII or IX are, so far as known, 
of equal weight. The values of x in the two tables differ system atically, 
however, for reasons given at length in section 20 below. Hence we 
shall, for the sake of distinction, call the mean of the adopted values of 
X in Table VIII, x^, and the mean of those in Table IX, x^, the suf&xes 
defining the orientation of B^. These means are 

x^ = + 26-9'' ± 0-4'' for A-end of ^„ west, 
Xg = + 31'3 ± 0-4 for A-end of B^ east. 
Since x = SM^ -— B^ 

and 5^21 = 5'° +12-5'', 

these equations give 

Bn = 5" - 14-4'' ± 0-4'* for A-end west, 
Bn = 5 - 18-8 ± 0-4 for A-end east. 
The probable errors assigned to these mean values are derived from 
the residuals in the last columns of the tables. Thus, the sum of the 
squares of the residuals in Table YIII is 135-5, and the corresponding 
sum from Table IX is 1184. The number of residuals is forty and the 
number of unknowns two. Hence the probable error of an individual 
value of a; in either table is ±1-7'*; and since the weights of x^ a,nd x 
are each 20, their probable errors are each equal to ± 0-4'^. 
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(19) Sources of accidental error. — The principal accidental errors 
affecting the quantities x, y, z of Table VII, and likewise the adopted 
values of x in Tables YIII and IX, are, it is believed, errors of obser- 
vation and errors arising from irregular movements of the six micro- 
scopes of the comparator. An idea of the relative magnitudes of these 
two species of error can be derived in the following manner: Eeferring 
to equations (1), (2), and (3) of section 15, it is seen that the resultant 
of the errors involved in the quantities Q, on which the values in Table 
VII depend, appears in the sums of the weighted squares of the resid- 
uals given in the last column of that table. These sums vary very 
greatly for different sets of observations, but a trustworthy valae.for 
the resultant error may be derived from the aggregate of the sums 
given in the last column of the table. Omitting the values of July 18 and 
26 for the reasons assigned in section 18, the aggregate of the sums is 

[pvv] = 168-8. 
The total number of residuals in the 40 ,sets of determinations is 200, 
and the total nntnber "of derived values of x, y, z is 120. Thus the 
probable error of an observed Q of weight unity (or of any ^2 or Q4) is 

168-8 \4 



.( 168-8 V 
' V.200 - 120y 



^0-6745 onn- ion =±1-0'^ 



This applies to a single measure of the distance between the terminal 
microscopes with the 5™ bar By,. Since the' weight of any ^1, §3, Q5, 
or of a single measure of that same distance with the metre M-i^ is 1/5, 
the probable error of one such measure is i 2-2*^ . 

Since the Q's which enter the formulas of section 15 are independent, 
it follows that the probable error of a single value of x derived by this 
process is _ 

±I-0''7|=±l-5''- 

This value is only 0-2'' less than the valuederived by a different proc- 
ess in the preceding section. The latter process, it will be observed, 
takes account of any changes in the quantities x which may occur from 
set to set of observations or from day to day. The close agreeraent of 
the two probable errors is, therefore, an indication that such changes 
were small, and also that the assumption on which the method of com- 
putation depends is essentially correct. 

An examination of the residuals in Table VII shows a satisfactory 
distribution. Thus, of the whole number of residuals used, namely, 
200,, 99 are plus, 93 are minus, and 8 are zero each. The maximum 
residual in the class whose weight is unity is 2-3** . The maximum 
residual in the class whose weight is 1/5 is O-g** , which is about three 
times, the corresponding probable error, or i 2-2'' , as given above. 

It will be noticed that the [^tJij] for the earlier sets of determinatiaus 
in July are considerably larger on the average than for the later sets 
in August. The only reasons 1 can assign for this are, first, that the 
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piers, which were completed only a short time before beginning to use' 
them in July, grew more and more stable with the drying and harden- 
ing of the cement; and, second, that the smaller time interval required 
to make a set of observations after the observers had become well 
accustomed to the work diminished the chance of error Ixom move- 
ments of the microscopes. It does not appear, however, as" shown in 
the preceding section, that the resulting values of x were appreciably 
less precise in the earlier than in the later comparisons. 

K"ow, as to the relation of the errors of observation to the aggregate 
errors, we may assume as hitherto that the probable error of a single 
microscope reading does not exceed O-S". The probable error from this 
source, then, in an observed Q-i or Q^ is ± 0-5^, if we suppose but four 
readings to be made on-B,,. The corresponding value for an observed 
Q^, Q3, or Q5 is ± 0.5'' VS = ± l-l". These are exactly half as great 
as the values derived from the resultant errors. Hence we conclude 
that the probable error in a single determination of x, due to instability 
of microscopes, etc., or to all extra-observational sources, is 



±l•5''Jl-i=±l•3^ 



This shows a very satisfactory degree of stability of the microscopes, 
since it is but little more than 1/4 000 000th part of the length of B^ or 
of tihe distance between the terminal microscopes. 

Finally, from whatever point of view we regard the adopted values 
of as in Tables VIII and IX, their accordance leaves little to be desired. 
It appears plain that for either orientation of Bn the same quantity, 
essentially, was observed on every date. This is well shown by the 
cons-tancy of the mean values of x for the several dates. In Table 
VIII the maximum divergence of any date mean from the adopted 
mean of all values of x is but 1-2'', and the corresponding maximum 
divergence in Table IX is but 1-9''. The average of these is no greater 
than the probable error of a single value of x as derived in this sec- 
tion, namely, ± l-S*" ; and it is less than the probable error of a single 
value of X derived in the preceding section, namely, ± 1-7''. 

Taking this last probable error as a basis it appears that the mean 
of four determinations of B;-, in terms of M21 on the new comparator 
would have a probable error less than l** or less than 1/5 0()0 000th 
of -Bn- We must conclude, therefore, that the temperatures of M^ and 
Bn were fixed within very narrow limits by the melting icewith which 
they were surrounded. 

(20) Systematic error. — The precision of the results attained on the 
new comparator brought to light an unexpected source of systematic 
error. This source of error appears to be due to the fact that the 
transverse graduation marks at the ends of B„ differ much in width, and 
to the fact that the personal equations of the observers differ widely in 
amount. As already stated the width of the graduation mark at the 
A end of Ba is 16-3^, while the width of the mark atB end is 36'2''. It 
had been knowir from the experience of the observers, Siebert and 
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Woodward, on Hblton Base tliat their personal equations differed; but 
it was not known that their equations varied with differing widths of 
graduation marks and micrometer wire intervals until the fact was 
developed in the course of the determinations detailed above. It was 
then easily seen by direct observation that such difference might intro- 
duce an appreciable constant error. 

Fortunately in nearly all the work done with the apparatus the 
observers have been the same, namely, Siebert and Woodward; the 
only exception being the few determinations of length of Bn made by 
Tittmann and Woodward in July, 1891. 

Before proceeding to examine this question minutely it may be 
remarked that all determinations of B^ indicate a systematic difference 
in its length depending on its orientation in the Y-trough. To show 
this clearly we will collect the results given in the preceding sections. 
For this purpose it is desirable to introdtice a more general designa- 
tion for the orientation of -Bn than that used hitherto. We shall adopt 
the convention that the A end of Bn is left or right according as it is 
to the left or right of the observer as he stands alongside of the bar 
while reading a microscope. Thus A end left corresponds to A end 
west for the work on the new comparator and to^A end north for the 
work on the office comparator. 

. Collecting the results of the direct determinations for length of B„ 
from sections 4, 5, and 18 we have — , 

July, 1891, J5i, =z 5'° - 10-1'' ± 2-0'' for A end left, 

Bn = 5 -11-9 ±2-0 for A end right; 
Feb.-Mar., 1892, B„ = 5 - 14-6 ± 0-8 for A end left, 

B„ = 5 -16-2 ±0-8 tor A end right; 
Julv-Aug., 1892, 5„ = 5 - 14-4 ± 0-4 for A end left, 
Bn = 5 - 18-8 ± 0-4 for A end right. 

The differences shown here are all of the same sign. Their amounts 
with their probable errors are 

July, 1891, l-8'*± 2-8'^, 

Feb.-Mar., 1892, 1-6 ± 1-1 , 
July-Aug., 1893, 4-4 ± 0-6 . 

A difference with the same sign but of much smaller amount is shown 
by the comparisons of B,-, and Bn, as may be seen by reference to Table 
IV, section 9. Its amount is 0-4'" ± 1-3''. 

Although these quantities differ widely amongst themselves their 
probable errors show that they are not inconsistent with one another, 
while their persistence in sign renders it highly probable that they are 
due to a common cause. 

The only cause which appears adequate to explain this discrepancy 
is that mentioned at the beginning of this section, and although the 
evidence of this cause is not conclusive there would seem to be little 
doubt that it is the principal cause. We proceed to examine the ques- 
tion at length and to present all the available evidence. 
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It is essential to the inquiry, in the first place, to know precisely how- 
personal equation or error may affect the observed data. Since nearly 
all the observations were made by Siebert and Woodward, it will be con- 
venient to use a notation referring especially to their equations. ^ Let — 
8a, Si, = the corrections to the microscope readings of Siebert on the 
A end and B end ot Bn, respectively, 
Wa, PTb =the corresponding corrections to the readings of Woodward, 
22], i/2 = the observed readings of Siebert on the right and left hand 

ends of the bar, respectively, 
B2, Li = the corresponding readings of Woodward; 
Then, supposing the microscope readings to increase from right to 
left,* we have for the distance I) between the zeros of the terminal 
microscopes 

(Aendof jBnleft.) 
D = B„ + Li + W, - El - ^„ 

The sum and difference of these give 
D = B„+i (L, + i,) - i {R2 + B,) + i(^a + Wa) - US^ + Wb), (1) 
{S, - W„) + {Si, - Wb) = - (ij - Li) + {B, - Bi). (2) 

When B^^ is reversed in the Y-lrough we may assume, in order to be 
entirely^^general, that owing to change in the aspects of the marts and 
to the difference in wire intervals of the two microscopes the correc- 
tions Sa,Wa, . . . change in value. Designating the new values of the cor- 
rections and of the new readings by the same letters with an accent, 
we have — 

(A end of B,, right.) 
J) ^Bu + i{L', + L',)-i {B\ + B',)- J (^\ -f W',) + i ( S'b + W'b), (3) 
{S', - W',) + {8\ - TF'b) = - (i'2 - L'l) .+ {B'^ - B\). (4) 
For brevity, put 

i* = J («, + W,) - J [Si, + Wi), 
u' = i («', + W',) - i {S', + W\), 
V = {S, - W,) + (81, - W,), (5) 

V' = {S'-a - W',) + {S'l, - W'l,). 
If now we denote the mean values for length of B^ corresponding to 
its two orientations by Vi and V2, the above equations (1) and (3) show 
that 

Bn + u= Fi for A-end of B^ left, 
B„ - u' = Vi for A-end of 5„ right. (^) 

If the personal equations remain the same for both positions of the 
bar, u = n', aud the half sum of (6) gives B^ free from this source of 
error. On the other hand, if those equations differ, the error of B„ 
derived from the mean of (6) is 
^(u-u')=i {8, - 8\ + Wa - W'a -8^+ S'l, - Wi, + W\). (7) 
* The microacopes were so used on the new comparator and in all the work with 
the iced bar on Holton Base. The increase was in the opposite direction with the 
microscopes as mounted on the office comparator. It will be noticed that the cor- 
rections iS„ Wb. change sign with such change of direction. 
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It appears from the equations (1) to (4) that the observations are 
insufficient to determine the corrections S^., W^, . . ..without additional 
relations between them. It is clear, however, that if the widths and 
aspects of the graduations were the same at both ends of the bar, and 
if the wire intervals of the micrometers were equal, no error from this 
source would appear in the resulting lengths of the bar, and it is a 
matter of regret that these theoretical considerations were not duly 
appreciated when the bar was constructed. It is clear also that the 
orientation of Bn ought to have been changed from day to day, for the 
errors in question would thus have been more certain of elimination in 
the final mean. 

We may nevertheless gain some idea of the magnitude of the cor- 
rections desired from equations (2) and (4), which give the quantities 
V and v' defined by the last two of (5). Each set of observations on 
Bi- gives a value for v or v', as the case may be, and there were 4 to 12 
such sets for each day's work. The mean values of the resulting v and 
v' are collected in Table X following, which is arranged in two parts 
corresponding to the two orientations of ^n. The first column gives 
the date, the second the number of individual values of v, and the 
third the mean value of v for the date. The second half of the table 
gives the corresponding values pertaining to v'. 

Table X. — Observed values of v and v', July and August, 1892. 



A-end of Bxi left. 


A-end of 5)7 right. 


Date. 


Number of 

values 
observed. 


Mean value 
of V. 


Date. 


Number of 

values 
observed. 


Mean value 
oil/. 


1892. 
July 20 ■ 
21 
22 

27 

28 

Aug. 10 


6 
8 
6 
8 
6 
6 


V- 

+5-9 
+4-8 
+6-0 
+4-1 
+4-2 
+4-2 


1892. 
Aug. 4 

~ " s 
6 
8 
9 


4 
8 
8 
8 
12 


V- 
—0-9 
-f-o-i 
+2-6 

+ 1-0 

-i-s 



If we assign to the several mean values in this table weights pro- 
portional to the numbers of observed values on which those means 
depend, the following weighted means result : 

^ = + 4.8" ± 0-2" , v' = ■\- ^-T- ± 0-6^ . 

It thus appears that the quantities v and v' are no less definite than 
the corresponding values for length of Byi already derived. But the 
fact that V and v' differ so widely makes it necessary to suppose that 
the personal equations changed with the change in aspect of the bar. 
How such a change can arise I am unable to explain, but some addi- 
tional observational' evidence indicates that it took place. This evi- 
dence was obtained by measuring the differences {S^ — !¥»), {8\, — Wi,), 
S. Ex. 37— 25 
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, A- end of -Bj, left, 
, A-end of Bn right. 



('S'a — W'a), and (*S"b — TT'b) directly. For this purpose the observers 
made readings alternately at either end of the bar while it was held 
still in its Y-trough. Several such series of readings were made during 
August 30 and 31, 1892. They were not very satisfactory for the 
reasons that the bar was not iced and that it could not be kept very 
stable. The following mean values were derived : 

^Sa - Wa = + O-TS" 
8^-W^ = + 0-78 

8'^ - TF'a = + 1-80 ) 
S\ -W\=- 1-09 ( 

The sums of these pairs of values give in accordance with the last 
two of equations (5) : 

V = + l-G" , «' = + O-T*" . 

These values are much less definite than the mean values given 
above and differ widely from them, but the discordance is so much 
greater than can be attributed to other sources of error, that it seems 
essential to entertain, the hypotheses first, that the personal equations 
of the observers varied from time to time; or second, that the work on 
the new comparator was subject to some constant error which changed 
sign with the change in orientation of the bar; or third, that both these 
possible causes were operative. These views are, in fact, suggested by 
the variations of the values of v' in the second half of Table X. 

It becomes desirable, therefore, to glean such information on this 
point as is afforded by the observations on Bi-, during February 'to 
May, 1892, on the office comparator, and likewise by the observations 
in the use of tha apparatus on Holton Base in 1891. The values of v 
and v' resulting from the direct determinations of -Bn on the office com- 
parator are given below in Table XI, which is arranged in the same 
manner as Table X. 



Table XI. — Observed values ofv and v', February to March, 1892. 



A-end of ^,7 left. 


A-end of .S,, right. 


Date. 


Number of 
values 


Mean value 
of Zf, 


Date. 


Number of 
values 


Mean value 




observed. 




observed. 


of v'. 


1892. 




t^ 


1892. 




f 


Feb. 4 


3 


-fo-8 


Feb. 19 


4 


+2-9 


s 


,8 


2-8 


20 


4 


2-8 


6 


4 


2-4 


23 


4 


3-8 


S 


8 


4-4 


24 


4 


5-1 


10 


8 


4-0 


25 


8 


1-5 


II 


4 


lO 


26 


12 


I "9 


13 


8 


2 


27 


8 


2-0 


15 


8 


3-4 


Mar. 7 


8 


1-2 


i6 


12 


1-9 


8 


8 


2-0 


17 


8 


3-0 


9 


4 


20 


18 


8 


4-1 


10 


4 


1-9 








II 


4 


2-0 








12 


4 


3-3 
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Giving the values in this table weights proportional to the number 
of measures for each, there jesult the following weighted means: 
V = + 2-9" ±''o-2'' , V' = + 2-3" ± 0-2'' . 

These values, it^is seen, not only agree well with each other but are 
determined with a precision quite equal to that of the corresponding 
mean values from Table X. It may be remarked that the precisions 
should not differ much in the two cases since the readings from which 
V and v are obtained are made in less than one minute, and hence 
stability of the microscopes is depended on for this short period only. 
There are, however, nearly twice as many determinations represented 
in Table XI as in Table X, and this fact accounts mainly for the 
smaller probable errors of v and v' derived from Table XI. The range 
amongst the daily means is nearly the same in the two tables and 
amounts at most to 4-1'^ . 

The observations on Bn at the times it was compared with Bia give 

the following values : 

Apr. 29, 1892, v = + 2-8" (mean of 10 measures,) 

30, 1892, V = + 2-2 (mean of 17 measures), 

May 5, 1892, v' = + 1-9 (mean of 27 measures). 

These values are likewise fairly accordant with each other and with 
the values just given above. 

Finally, the values of ■»'* derived from the observations on the 100'" 
comparator of Holton Base in 1891 are (see Chapter III, section 6) : 

Aug. 4 to Aug. 7j 1891. v' = + 3-8" , 
Sept. 24 to Aug. 6, 1891, ?;'==+ 3-3. 

With respect to the latter results, it is to be remarked that they were 
obtained with the lower power (27 diameters) Eepsold microscopes, and 
may not be strictly comparable with the results obtained with micro- 
scopes 5 and 6, which have a_ power of 50 diameters. They do not 
differ materially, however, in the mean from the average .va.lues of v or 
v' obtained on the office comparator. 

Collecting all these mean values for v and v' and taking their half 
sums and half differences, we have the following condensed statement 
of all the direct information bearing on the constancy of the personal 
equations of the observers: 



Date. 


i(z-+^'). 


i(.i,-z,'). 


Feb. to Mar., 1892 
Apr. to May, 1892 
July to Aug., 1892 


+2-6'^ 

+ 2-2 
+ 2'5 


+0-3" 

+0-2 

+2-3 



The agreement of the quantities J (v + v') in this statement is no less 
remarkable than the disagreement of the last of the quantities ^{v — v') 
from the other two. It appears that the cause of the divergence of 

* Bn was used with the A-end right in all the work on Holton Baae. Hence the 
quantity v' only appears in this work. 
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^{v — v') in July and August, 1892, whatever it may have been, was 
such as to increase v and decrease v' by about the same amount. A 
change of this kind might have occurred in several ways through 
changes in the eight quantities S^, Wn,, ... as may be seen by reference 
to the last two of equations (5) ; but the data do not indicate that the 
change is more likely to have occurred in one of these ways rather than 
in another. 

In view of all the evidence presented in this section, it appears cer- 
tain that the observers assigned different lengths to Bn, depending on 
its orientation in the Y-trough. It appears equally certain that this 
difference is due to personal equation of the observers or to change in 
aspect of the graduation marks, or to both these causes. The two 
causes are entangled with one another and cannot be separated with- 
out additional data. We conclude, however, that the effects arising 
from these causes are well eliminated in the mean of lengths of the bar 
in its two orientations, or that the error of this mean length, expressed 
by equation (7), is small. 

The conclusion just stated does not require the assumption of con- 
stancy and equality of the quantities u and u' of equations (5), but it 
seems best to adopt this assumption in deriving the final lengths of Bn 
for A-end left and A-end right. The justification of this view is to be 
found, I think, in an examination of the observed values of J(y + v') 
iiv — v'), and u + u', given above. Thus the first of these quan- 
tities varies by O-d" only for three different sets of determinations 
extending over half a year's time, the second varies by 2-1'' , and the 
third by 4'0'' . With respect to this last, however, or to the quantity 
u + u', we must remark that it might be expected to vary in observed 
value much more than the others, since it comes from data dependent on 
the stability of all parts of the apparatus, while the other two depend 
only on the stability of Bn and the terminal microscopes. But the con- 
stancy ofu+u' in the determinations of July to August, 1892, renders 
it highly probable that the value then derived is a real quantity, which 
was masked by errors of the less precise determinations on the office 
comparator. 

ADOPTED LENGTHS FOK Bi,. 

(21) Summary of results. — Collecting the results for length of B^ 
given in sections 4, 5, 11, and 18, we have the following summary in 
Table XII: 

Table XII. — Summary of results for length of Bn. 



Date. 


B„ 


A-end left. 


A-end right. 


July, 1 89 1 

Feb. to Mar., 1892 

■ Apr. to May, 1892 

July to Aug., 1S92 


5"-ii-o''±2-o'' 
S — H-6_t-o-8 
5 —II. 5 ±i-S 
5 — 14-4 '± 0-4 


5'"-n-9''d 
5 — 16-2 - 

5 — n-9 = 
5 -18.8 ^ 


t:2-o^ 
:o-8 
-1-8 
Lo-4 
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The probable errors in this table differ widely, but so far as is knowu 
they are the best available indexes of the precision of the several results. 

In, accordance with the conclusions and assumption stated in the 
preceding section we shall derive three values for length of Bn, 
namely: First, a length for A-endof^nleft; second, a length for A-eud 
of Bi-, right; and, third, a mean length, which it is assumed will be free 
from constant error. 

It will be recalled that the results of July, 1891, were obtained by 
Tittmann and Woodward, while all the rest were obtained by Siebert 
and Woodward, who used the bar also in the position A-end right in 
all the work of Holton base. We might, therefore, use the results of 
1891 in getting the mean length of B^, but they should be excluded in 
getting the other lengths. In any case, however, it can make but 
little difference whether we include or exclude the results of 1891, 
since the weights we are constrained to adopt amount practically to 
the exclusion of those results. The same remark applies also to the 
results of the indirect determinations of April and May, 1892, since 
their weights must be small in comparison with the weights of the 
results of the direct determinations. 

(22) Derivation of lengths ofBnin terms ofM^i. — It is assumed, as al- 
ready stated, that the length of ^^ observed by Siebert and Woodward 
is greater or less than its mean leiigth according as the A-end is left or 
right by a constant which we may denote by u. In conformity with 
this assumption, if Bn denote the mean length of the bar, or the length 
free from systematic error, B^+u will be the observed length for A-end 
left and Bn—u the observed length for A-end right. 

The observed lengths given in Table XII afford a series of observa- 
tion equations from which 5n and u may be determined. In writing 
these equations the question whether the theoretical weights of the 
observed quantities should be modified in any way presents itself. 
Using the probable errors of the observed lengths of 1892 as a basis, 
the weights of these lengths are proportional to the numbers 1, 0*2, 
and 4. These seem to present great disparity, but in view of all the 
considerations set forth in the preceding sections, I am not disposed to 
change them. Other numbers presenting less disparity might be used, 
but the resulting values for Bn and u would not be much changed 
thereby. Adopting these theoretical weights, then, and writing for 
brevity, /3=Bn— 5™, the observation equations given by the results in 
Table XII become 







JTeight. 


/3 + U + U-6'' 


= -+-0-27'', 


1, 


/3-U + 16-2 


= -1-83, 


1, 


/3 + U + 11-5 


= - 2-83, 


0-2, 


/3-U + 11-9 


= -643, 


0-2, 


/3+u + U-4= 


= +0-07, 


4, 


/3-U + 18-8 


= + 0-77, 


4. 
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■ The normal equations from these are 

10-4/3= -168-28'', 
10-4m=+ 19-28, 
whence 

/?= -16-18" ±0-40", 
u=+ 1-85 ±0-40. 

The sum of the weighted squares of the residuals is 14-93. Hence the 
probable error of an observed quantity of unit weight is ±1-3", and 
the probable error of either /J or w is ± 0-40". Likewise, the probable 
error of /3 + m or /3—ii is ± 0-8", or exactly twice that of ^ or m. . 

Hence the values we adopt for the length of B^ in terms of Proto- 
type Metre M21 are the following: 

B„ = 5"' - 14-3" ± 0-8" for A end left, 
B„ = 5 - 18-0 ± 0-8 for A end right, 
B„ = 5 —16-2 ±0-4 for mean. 

It is to be remarked that the first two values here given apply espe- 
cially to the work done with the bar by the observers Siebert and Wood- 
ward. Other observers having different personal equations might 
assign different lengths for the left and right orientations of the bar. 
The last value, on the other hand, is supposed to be free from sys- 
tematic error dependent on i)ersonal equation and on the orientation of 
the bar. It is the length which should be applied in deriving the 
mean length of a line measured the same number of times for each 
orientation of the bar. 

With respect to the adopted mean length of B^-,, it may be further 
remarked that it differs but 0-9" from the mean of the direct determina- 
tions of February and March, 1892, and but 0-4" from the mean of the 
direct determinations of July and August, 1892. These two series of 
determinations were the most extensive and accordant of all the deter- 
minations made, though differing much in precision. It is seen, how- 
ever, that if this difference in precision were ignored, the simple mean 
of the two values for either orientation or for the mean of both would 
not differ widely from the adopted values. Thus, the mean with equal 
weights for A-end left is 5'"— 14-5"; that for Aend right is 5™— 17-5" ; 
and for the mean of these two 5"'— 16-0". Finally, it may be remarked 
that the results of July, 1891, and those of April and May, 1892, which 
are practically rejected by reason of their small weights, do not differ 
at most from the adopted values by amounts much in excess of the 
millionth part of the bar's length; tlie discrepances being, in fact, 3-3" 
for A-end left, 6-1" for A-end right, and 4-8" in the mean. Moreover, 
these discrepances are quite within the range indicated by the proba- 
ble errors of the inferior results. It appears proper to conclude, there- 
fore, that the values for Bn adopted above, are trustwortliy to the extent 
shown by their probable errors. 
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{23) Lengths of Bn in terms of the International metre. — The values for 
length of Bii derived iu the preceding section are expressed in terms of 
Prototype Metre No. 21. It remains, then, to combine the probable error 
of the length of this metre with the probable errors of those derived 
lengths in order to get the probable errors of the lengths of 5n when 
expressed in terms of the International Metre. Iu the Eapport sur la 
construction, les comparaisons et les autres Operations ayant servi k 
determiner les Equations des ISTouveaux Prototype M^trique, p; 82, the 
probable errors of the Prototypes are said to vary from rtO-l'* to 
ztO'2'' between such limits of temperature as are ordinarily met in 
metrology. Since iu the application of Mn to the determination ofBn 
only one temperature, namely, that of melting ice, has been used, we 
shall adopt the extreme value ± 0'2'' for the probable error of the length 
of Jfzi. The probable error of 5Mn is then ±1-0'', and the probable 
error of the length of -Bn for A-end left or right becomes ±1"3'', and 
for the mean length ztl"!'*. Hence we have for the length of B^-, m 
terms of the International Metre, the following values, the first two of 
which apply only to the woi'k done with the bar by Siebert and Wood- 
ward: 

B„ = o"' - 14-3'' ± 1-3 " for A-end left. 

B„ = 5 -18-0 rfcl-3 for A-eud right. 

J5„ = 5 -16-2 ±1-1 for mean. 

[24) Concluding remarlcs. — In designing and using the iced-bar appa- 
ratus many questions not referred to in the preceding pages were raised 
and -considered. Some of these have important bearings on the practi- 
cal success of the apparatus, and most of them will naturally arise in 
the mind of the critical reader. It is proper, therefore, to devote some 
attention to them here. 

The most obvious and important of these questions is whether the 
bar assumes the temperature of melting ice when fully packed in it. 
JSTo absolutely crucial mode of answering this question is known to me, 
but there appears to be no reason to suppose that it takes a materially 
different temperature. Eepeated observations on mercurial thermome- 
ters placed in the ice alongside of the bar show that they read zero C. 
within the unavoidable errors of a few hundredths of a degree. That 
the bar assumes a fixed length within very narrow limits is, it would 
seem, demonstrated by the small range amongst the determinations of 
its length on the new comparator, and the equally small range amongst 
the roeasiures made with the apparatus on the 100"" comparator and the 
standard kilometre of the Holton Base. Considering these ranges, and 
the fact that the bar's expansion is about 55*^ per degree C, there is but 
very small margin for variation in the bar's length. An independent 
and perhaps more conclusive answer to this question is afforded by the 
results of the two most important groups of determinations of the length 
ofthe bar, namely, the group of February to March, 1892, and that of 
July and August, 1892. During the period covered by the first group 



392 tr. s. COAST and geodetic survey. 

the air temperature about the Y-trough varied from 5° to 10° C, while 
for the latter group the air temperature varied from 25° to 40° C. If 
the bar is affected to any appreciable extent by the external air tem- 
perature it ought to have been longer at the time of the second group 
of comparisons than at the time of the first, since the average air tem- 
perature for the second group was higher by about 30° 0. than for the 
first group. The mean lengths for those groups difi'er, however, by 
only 1'2'', the indicated length of the bar being so much shorter at the 
higher than a;t the lower temperature. My conclusion, then, is that the 
bar assumes a sensibly constant temperature when properly iced in the 
Y-troiigh. 

The time required by the bar to reach a stable length is less than ten 
minutes. The rate of temperature change is so great in the early stages 
of freezing that 90 per cent or more of the contraction of the bar occurs 
within a minute after it is well surrounded by ice. The corresponding 
time required by the prototype metre to reach a stable length appears 
to be less than five minutes, which is less than the time required to 
properly pack it in ice. In the use of the apparatus, however, the bar 
and metre have been, in general, fully packed in ice from half an hour 
to an hour before observing on them. 

A question which received attention in designing the apparatus is 
whether the friction of the bar on its supports in the Y-trough may not 
affect its length appreciably. Since the cross section of the bar is 
2-56 square centimetres, and the modulus of elasticity of steel about 
2x10^ kilogramuies per square centimetre, it would require a lon- 
gitudinal stress of 1 kilogramme to change the bar's length 1 micron if 
the bar were free to respond to such stress. From this calculation and 
from a consideration of the actual circumstances under which the bar 
is used, it was concluded that this friction would produce no apprecia- 
ble effect. Some direct experiments to test this point were made, 
however, during the course of the comparison s with the Prototype Metre 
of February and March, 1892. In these experiments the Y-trough was 
subjected alternately in quick 'succession to tension and compression 
while readings were made on the bar. Several such trials were made 
without disclosing any change in the bar's length. It is, indeed, diffi- 
cult to see how any frictional stress could manifest itself, especially 
when the apparatus is trundled along on its cars as in measuring a line 
or as used on the new cojnparator, since the jarring incident to such 
motion ought to relieve the bar from all but the smallest stress. 

A query may also arise as to the effect on the bar's temperature of 
the exposed graduated surfaces. It ipight be inferred that the bar is 
perceptibly hotter by reason of these exposed parts, small though they 
are, than it would be if entirely covered with ice. But a study of the 
physical relations here presented does not justify such an inference. 
The reason is that the conductivity of the steel is so much higher than 
its emissivity in air that the exposed parts of the bar cannot differ in 
temperature by more than a few thousandths of a degree from the 
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unexposed parts.* "Whatever this excess may be, it can affect only 
short portions of the bar, and hence produce only vanishing changes of 
length. The same conclusion, it would appear, applies with greater 
certainty to the Prototype Metre. A simple and direct experiment 
bearing on this question has also been frequently tried. It consisted 
in microscope readings on the ends of the bar just before and just after 
pressing the bare finger for a period of ten to thirty seconds against 
one of the graduation plugs. If the heat thus conducted from the hand 
to the bar is not speedily dissipated, the bar should have been measura- 
bly lengthened thereby. No such change, however, was observed. 

An obstacle which sometimes proves troublesome in the use of the 
apparatus, is the condensation of moisture on the graduated surfaces 
of the bar. The most effective means found for removing this is a dry 
camel's-hair brush. Such brushes were used in the long sSries of com- 
parisons of the bar and Prototype Metre in July and August, 1892, and 
no material delay from moisture occurred. 

Finally, experience with the apparatus leads me to recommend a bar 
having a Y-shaped rather than a rectangular cross section. Such a bar 
would possess the requisite rigidity with small mass per unit length. 
It could be subdivided into metre spaces by marks on its neutral sur- 
face, and its entire length determined by measuring those spaces 
separately as well as by the method dependent on the use of six micro- 
scopes. Its fiducial lines should be of eqaal width within a micron or 
two, so that personal equation would be certain of elimination by 
exchange of positions of the observers for either orientation of the bar. 
Provision might also be made for protecting the graduated surfaces 
from direct contact with the ice. For this purpose hard rubber tubes 
might be fitted around those surfaces, and if desirable they could be 
made long enough to extend up through the ice pack. Such tubes 
would prevent abrasion of the polished surfaces by grit in the ice, and 
would also protect them to some extent from currents of air, which, if 
laden with moisture, produce troublesome condensation. The length 
in melting ice of a bar possessing this degree of refinement could be 
readily determined by the method followed on the new comparator. It 
would appear, in fact, from our experience in the use of that comparator 
that the length of such a bar in terms of a prototype metre would be 
known with a probable error not exceeding 1 micron from the mean of 
four measures, which might be made in one day, or in two days at most. 

* This conclusion is based on an investigation made by the author in 1888, namely, 
On the diffusion of heat in homogeneous rectangular masses, with a special reference 
to bars ifted as stp,ndards of length. Annals of Mathematics, vol. 4, pp. 101-127. It 
appears from this Investigation, which is founded on Fourier's methods, that a bar 
of small cross section (less than 4<:'"x4='", say), cooling or heating in air from an 
initial uniform temperature, maintains a sensibly uniform temperature throughout 
its mass during the entire process of cooling or heating. That is, the difference 
between the temperatures within and at the surface of the mass is very small when 
the cross section is small. 
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chapter iii. 

Measurements Made With Iced Bar Apparatus at 
HoLTON Base in 1891. 

(1) Plan of operations with apparatus in 1891. — The plan submitted 
by me to tlie Superintendent of the Survey for the use of this apparatus 
on the Helton Base of the transcontinental triangulation in Indiana, 
contained the following recommendations which were approved and 
carried out during the summer of 1891 : («) To construct a 100-metre 
comi^aiator near the HoltonBase; to standardize this comparator by 
repeated measurements with the iced bar, and to use this comparator 
in turn to standardize and study the behavior of lOO" tapes or those of 
less length, or any other form of base apparatus; (6) to use the iced 
bar in addition to make several measures of a kilometre at least of the 
base line, so that the efficiency of the different forms of apparatus used 
in measuring the whole base could be tested on the actual ground over 
which they were api^lied. 

Before giving the results of the measures made with the iced bar it 
is proper to give a brief description of the long comparator and of the 
kilometre whereon the apparatus was used. 

(2) The 100-metre comparator. — The 100 metre comparator of the 
Holton Base was a line 100™ long fitted for measurement with the iced 
bar apparatus. Twenty-one beech- wood microscope posts, 1-8'" long 
and 15"=™ x 15''™ in cross section, were set firmly in the ground, 5™ apart, 
on a level plat near the north end of the base. Alongside of the posts 
a stationary railway track was laid, the support posts of which were 
half way between' the microscope posts. The ends of the line were 
marked by brass, spherical-headed bolts cemented into the upper ends 
of stone posts, which latter were well set in beds of concrete. The 
comparator was covered by a shed 110'" long by 3'" wide. Its length 
extended nearly east and west. It was covered at the ends and on the 
south side as well as overhead, but the north side was left open in 
order to permitfree access of daylight and air. (See illustration No. 31.) 

This comparator was built by Assistant A. T. Mosmaii after plans 
drawn up by Mr. Sieberfc. It answered its purpose very satisfactorily. 
An efficient auxiliary applied by Assistant INIosmaii was a ^wdust 
covering to the ground along the comparator. This covering absorbed 
the dust and moisture, and prevented the transmission of disturbances 
through the ground to the microscope posts. The stability of, these 
posts may be inferred from the measures of the comparator interval 
given below. 
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(3) The standard Mlometre. — A nearly level portion, one kilometre in 
length, of the Holton Base was selected by Assistant Mosman for meas- 
urement with the iced bar aparatus. The base line, whose entire 
length is 5-5 kilometres, runs in a nearly north and south direction 
across the Crawfish Flats of Southern Indiana. The portion selected 
for the iced bar measures passes for 600™ of its length through a dense 
forest growth, leaving about 200"> at either end in open fields. The 
-whole kilometre is on low ground and the part within the forest is, in 
a wet season, subject to partial inundation. The soil along the kilo- 
metre is a stiff clay, which is very firm when dry, but which assumes a 
ielly-like mobility and elasticity when saturated with water. 

The way through the forest was cleared, and the end stones of the 
kilometre were set under the direction of Assistant Mosman during 
May and June, 1891. During the latter half of the following August 
and early September the microscope and track posts were set along the 
line. Owing to frequent and heavy rains this was a tedious operation. 
Many of the posts were set in the water which filled the post holes as 
fast as they were dug. It is impossible, therefore, to present any sta- 
tistics as to the speed with which this work can be done under usually 
favorable circumstances. It may be remarked, however, that it is a 
work which requires but little skilled labor. In addition, it should be 
said that the microscope posts were set with considerable precision. 
Accurate spacing of the posts to 5"" apart was secured by means of 
100" and shorter steel tapes, while the posts were aligned by means of 
a theodolite. The probable error in position of a post face with respect 
to the kilometre line does not, I think, exceed i 3™", while the proba- 
ble error of the reference line fixed on the posts, as explained in section 
9, Chapter I, does not exceed dL 1"". 

^he bolts marking the termini of the kilometre were cemented in the 
end stones by Assistant Mosman early in August, after their proper 
relative positions had been determined by Assistant O. H. Tittmann 
with the Survey secondary apparatus. Intermediate stones dividing 
the kilometre into four nearly equal sections were set on September 7, 
1891. Each of them consisted of a half cubic metre of concrete set in 
the ground so that its upper surface was about even with the ground 
surface. On the top of each stone was cemented one of the Eepsold 
crt-off plates, which are provided with spherical headed bolts for use 
with the cut-off cylinder previously described. 

When these intermediate stones were set, the ground along the line 
was so wet that it was a matter of difiQculty to keep the water out of 
the excavations while the concrete was being rammed into place. 
These stones did not become dry and hard until deep trenches were 
dug about them on September 18, 1891. For this reason it is probable 
that these stones were much less stable during the first two measures 
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of the kilometre (September 10, 15) than during the last two measures^ 
(September 26, 30). 

(4) Results of measures of eomparator interval. — The distance be- 
tween the terminal spheres of the 100°° comparator was measured nine- 
teen times. The first nine measures were made between July 30 and 
August 7, 1891, and the remainder between September 24 and October 
6. A measure as here designated means a determination of the com- 
parator interval without interchange of the observers in reading on 
the ends of the bar. Such interchange of observers took place in all 
cases except for the first five measures, during which direct observa- 
tions for personal equation were made on the bar. These observations 
proceeded on the assumption that the relative equation of the observ- 
ers was the same at both ends of the bar. But, as shown in section 
20 of Chapter II, this assumption is not correct. It becomes essen- 
tial, therefore, to recur to the investigation given in the section just 
referred to in order to understand how the personal equation affects 
the measures in question. 

In all measures of the comparator interval the A end of ^i, was 
right, and the observers were S (Siebert) and W (Woodward). When 
a measure proceeded from left to right (or west to east) S always 
observed at the right or A end of the bar and W at the other end, if 
they did not exchange positions. When they did exchange positions, 
S always observed first on the A end and W at the B end of the bar. 
When a measure proceeded from right to left, S always observed first 
at the B end of the bar and W at the A end. 

In conformity, then, with the notation of section 20, Chapter II, let 
Li, Li, Bi, Ri, denote the left and right hand readings respectively of 
a pair of microscopes for any bar length; and let 8^, 8^, W^, W^ 
denote the corrections to these readings for personal equations of the 
observers at the A end and B end of the bar, respectively. Then, sup- 
posing the measure to proceed from left to right, the distance between 
the pair of microscopes considered is 

J5i, + ii - iJi - {8^ - Wb), (a) 

for the first position of the observers, and 

B,, + L^-B,+ {8^ - Wa), (b) 

for the second position. 

Now the derived length of B^ for A end right corresponds to the 
mean of these two expressions (a) and (b) ; but when, as in the case 
of the first five measures of the comparator interval, the expression 
(a) only was observed, the use of the derived value of Bn gives a dis- 
tance too large by (/Sa— TT,,) for each bar length. Similarly, the 
distance in the case of the use of expression (b) only is too small by 
(^^ _ w^) per bar length. It is necessary, therefore to treat the first 
group of measures of the comparator interval in such a way as to take 
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due account of the inequality of the numbers of measures in the two 
cases denoted by the expressions (a) and (b). 

Let Di denote the most probable value of the apparent distance 
between the terminal spheres when the expression (a) is used, and Dz 
the corresponding value when the expression (b) is used. Then the 
resulting observation equations will be of the forms 

D,-20B,,-Q' = v', 

I)^-20B,.,-Q"=v", ^^' 

wherein Q' and Q" are the quantities measured with the microscopes 
and cut-off cylinders, and v' and v" are their most probable correc- 
tions. If, on the other hand, D denotes the most probable value of the 
actual interval between the terminal spheres, we shaU have 

D = J(i>, + 2)2). (2) 

In the case of the second group of measures, the observers ex- 
changed positions in every case, so that we might use the values 
resulting from the means of the expressions (a) and (b) ; but inasmuch 
as it is desirable to get an idea of the constancy of the personal equa- 
tion effect, we shall treat the second group in the same manner as the 
first; that is, by means of equations (1) and (2). 

The greater part of the measures were made by moving the bar 
from west to east (or left to right) along the comparator. Some of the 
later measures were made in the opposite direction, and they disclose, 
apparently, a source of systematic though minute error, depending on 
the direction of measure. The same sort of error is indicated also by 
the measures of the standard kilometre given in detail below. -We 
shall exhibit the data, then* in a way to disclose these effects as well 
as those arising from personal equation. 

Table I following gives all of the data observed for the length of 
the comparator except the special observations for personal equation 
alluded to above and referred to again below. The first column gives 
the date of the observations. The second column gives the direction 
in which the measure proceeded; W to E, for example, signifying that 
the measure started from the west end of the comparator and pro- 
ceeded towards the east end, or proceeded from left to right. The 
third column gives the observation equations in the forms (1) above. 
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Table I. — Data for length of 100^ co7nparator. 



Date. 


Direction of 
measure. 


Observation equation. 


189 


I. 




mm. mm. 


July 


30 


W to E 


D 1 — 20 Bi7 — 39-532 = + 0055 




30 


Wto E 


Di_20 — -574 = + -013 




30 


Wio E 


D 1 — 20 — '660 = — -073 




31 


Wto E 


Di_20 — -548 = + -039 ■ 


Aug. 


3 


Wto E 


Di — 20 — -643 = — -056 




4 


W to E 


Di- — 20 — -624 = — -037 




4 


W to E 


.Da — 20 — -476 = — -026 




7 


W to E 


D, — 20 — -528 = + -059 




7 


W to E 


Du — 20 — •424 = 4- '026 


Sept. 


24 


W to E 


D, — 20 B, 7 — 39272 = + 0-134 




24 


W to E 


D2 — 20 — ■191 = 4- -149 


Oct. 


2 


W to E 


D, — 20 — '394^4- '°'2 




2 


W to E 


Djj — 20 -320 = 4- '020 




2 


E to W 


D,^20 — '432 = — -026 




2 


E to W 


Dj — 20 — -369=: — -029 




6 


W to E 


D, ^ — 20 — -422 = — -016 




6 


W to E 


Dj — 20 — -370 = — -030 




6 


E to W 


D, — 20 — ■512=— -106 




6 


E to W 


D2 — 20 — -449 = — -109 



(5) Derivation of lengths of Comparator. — An inspection of the results 
in the above table indicates that the length of the comparator interval 
changed during the period of about two months which elapsed between 
the determinations of the two groups. That such a change might occur 
seems not improbable, since the stones carrying the terminal spheres 
rose to a level with the ground surface, and since a marked change in 
the amount of moisture in the ground took place during the period. 
The results of the second group of determinations indicate that such a 
change was taking place at the time they were made. Additional evi- 
dence that such changes are likely to occur is afforded by the measures 
of the sections of the standard kilometre, as explained below. It will 
be assumed, therefore, that the values of D for the two groups should 
diifer, and the observed quantities will be treated accordingly. 

Attributing equal weights to the observation equations, we have 
from the first group 

mm. 
Di = 20£n 4- 39-587 
J>2 = 20J5i, -f 39450 

The sum of the squares of the residuals, using the millimetre as unit, 
is 0-0193. The number of equations is 9 and the number of unknowns 
2. Hence the probable error of a single equation is 4: O-OSG""", and the 
apparent lengths Di and ^A have probable errors of ± 0-014"™ and 
± 0-026'°™, respectively. 

But the objective quantity is D = |(i)i 4- D2). Using the above 
numerical values and observing that the probable error of J) is 

± 0-026-^^g, 
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we have from the first group of observations — 

D = 20^17 + SO-SIS"" ± O-OIO-'". 

From the second group of measures we find 

mm. 
2>i = 20_Bi7 + 39406 
A = 20S„ + 39-340 

The sum of the squares of the residuals is 0-066 and the probable 
error of a single equation is ± 0-061""". Hence we find for the length 
of the comparator from the second group of measures 

D = 205„ + 39-373"'"' ± 0-019""". 

(6) Discussion of results of comparator measures. — The two values of 
D just derived differ by 0-145'""', a quantity^ 14-5 times the probable 
"error of the first value of D and 5-4 times the probable error of the sec- 
ond value of B. It seems probable, therefore, that, whatever may be 
the cause of this difference, it is a real quantity, although it is but 
1/689 000th part of the comparator interval. ' 

I am unable to explain the greater magnitudes of the residuals in 
the second group of comparisops over those in the first group. It may 
be observed, however, that the hypothesis of a uniform increase of the 
interval Di or D2, from September 24 to October 6, satisfies the observed 
values very closely and renders them quite as accordant as the first 
group of values. So far as skill in handling the apparatus could affect 
the measiires, those 'of the latter group should be the more precise, 
since in the interval between the two groups the observers had the 
benefit of a large amount of experience with the apparatus on the 
standard kilometre. Judging from our experience on that kilometre 
during the second set of measures of it, when the conditions were about 
equally favorable to those presented on the comparator, it would seem 
impossible for the normal errors of measurement to produce a range as 
great as that shown in the second group of comparator measures. 

The length of the comparator interval was used in turn to stand- 
ardize the 100™ steel tapes, as explained in Chapter iv, and also to 
standardize the bars of the secondary apparatus. To get working 
lengths of the comparator for these purposes, it will be assumed that 
the length changed uniformly with the time which elapsed between the 
two groups of measures. . Fortunately the greater part of the determina- 
tions of the tape lengths was made at about the times of the groups of 
measures of the comparator interval. 

If we take the difference between Di and Di for the two groups of 
comparison, we find 

+ 137 for the first group, 
-f 66 for the second group. 
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These quantities represent twenty times the function (Sa — Wb) + 
(Si, — Wa) of the personal equations of the observers, as shown by the 
expressions (a) and (b) of section 4 above. This function is also the 
same as v' of section 20, Chapter II. Hence we have 

v' = + 6-8 ** for the first group, 
v' = + 3-3 for the second group. 

The first of these values is less trustworthy than the second, since the 
latter is independent of all sources of error save that of the character 
of personal equation, while the former involves other sources of error. 
If we use the observations of August i and 7 only in the first group, 
the resulting value of i)' is +3-8'', which does not differ materially from 
the value coming from the second group. 

Had we assumed the values of (8^ — W^,) and {8i, — Wa) equal, as was 
done in a preliminary account of this work published in the American 
Journal of Science for January, 1893, the resulting value of D for the 
second group would have been identical with that derived above, while 
that for the first group would have differed from the value adopted by 
only4^ 

The direct observations for personal equation referred to in section 
4, and published in the number of the American Journal of Science just 
cited, were made on July 30, 31, August'3, 4, 1891. They give 2-4'' for 
the value of [8^ — W^,) or [8^ — W^), supposing these to be equal, and 
4"8'' for the quantity corresponding to v'. 

It appears, then, that the relative personal equation, of the observers 
would have been an appreciable source of error in this work had not 
care been taken to eliminate its effect. 

Finally, attention may be called to the indication of systematic error, 
due to the direction of measurement, furnished by the measures of 
October 2 and 6, 1891. Eeferring to Table I, it is seen that on 

mm. 
Oct. 2, B = 20B„ + 39-357 for direction W. toE. 

D = 20^1, + 39-400 for direction E. to W. 
Oct. 6, D = 20^17 + 39-396 for direction W. to E. 

D = 20J5„ + 39-480 for direction E. to W. 

It thus appears that the measure from B. to W. exceeded that from W. 
to E. on October 2 by 0-043°"^ and on October 6 by 0-084™'", and iii the 
mean by 0-064™". This amounts to 1-6" per bar length relatively to 
the mean of a forward and backward measure. 

Taken by itself this evidence would not appear to justify the assump- 
tion of the existence of such systematic error; but since a similar 
discrepancy is shown by the measures of the kilometre (as explained in 
sections 9 and 10 below), it is imj)ortant to note that the circumstances 
attending the comparator measures of October 2 and 6 were closely 
comparable with those attending the last set of measures of the kilo- 
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metre. The extent of tlie error in tbe latter measures is somewhat less 
than that just indicated, hut there seems to be little doubt of its real- 
ity. A probable explanation of the source of this error in the kilometre 
measures and in the comparator measures of October 13 and 6 is given 
in section 10 below, but some doubt is entertained as to its application 
to all the comparator measures. If the explanation referred to is cor- 
rect and applicable to the comparator measures, the computed values 
of D may need a correction of about O-OS""" ; but since we can not estab- 
lish the validity or magnitude of such correction, the only way to allow 
for it is to increase the assigned probable errors of the values of D. 
This will be done in the following section. 

(7) Adopted lengths for the 100"^ comparator. — Since we have assumed 
that the length of the 100'° comparator changed during the period 
which elapsed between the two groups of determinations, it is proper 
to assign an epoch to each derived length given in section 5. If we 
attribute weights to the several dates of observation proportional to 
the number of measures made on each, these epochs are August 3 and 
October 2, 1891. The derived lengths and their epochs are then 

mm. mm. 
D = 205,7 + 39-518 ± O'OIO for August 3, 1891. 
D = 20£„ + 39-373 ± 0-019 for October 2, 1891. 

The probable errors attached to these values do not include the 
probable error of B^. The latter error for A-end right, as given in 
section 23, Chapter II, is ±-1-3". To allow for the possible source of 
error mentioned at the close of the preceding section, it is considered 
sufficient to increase the average of the probable errors in the above 
equations, or ± 0.015""™, by one-third its amount. This will make the 
probable error dependent on errors of measurement ± 0-020""" for each 
valueofD. Combining this with ± 1-3'' x 20, wehavei 0-033""" as the 
probable error of either value of D when expressed in terms of the 
International Metre. This is equivalent to the 1 /3 000 000th part of the 
length of the comparator. 

The values we adopt, then, for the length of the comparator in terms 
of the International Metre, are 

mm. mm. 
J) = 20 B„ + 39-518 ± 0-033 for August 3, 1891, 
D = 20 J5,; + 39-373 ± 0-033 for October 2, 1891. 

5,, = 5™ -18-0''. 

(8) Eesults of measures of standard l-ilometre. — The method followed 
in making the measures of the kilometre of Holton Base has been briefly 
explained in section 10 of Chapter I. The specimen record given in 
section 11 of the same chapter serves in all essential respects to show 
how the lecords of the kilometre measures were kept. In the latter 
work, however, grades were determined by means of the sector attached 

S. Ex. 37—26 
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to tlie Y-trough, cand the defect of aligument, instead of being made 
zero for each bar length, was measured with a millimetre scale. 

In all measures of the kilometre sections the observers exchanged 
positions to eliminate personal equation, so that we have here to con- 
sider results of the form D = J (Z), + A) only, instead of the separate 
quantities i>i and D2, as in the case of the first group of the comparator 
measures. 

Throughout these kilometre measures the A end of A? "was right as 
in the comparator measures. 

The kUometre lies in a north and south direction, nearly, and the 
direction of measurement will be designated as N. to S. (north to south) 
or S. to IS"., as the case may be. The direction N. to S. corresponds to 
the direction left to right of our adopted convention and to "W". to E. 
(west to east) in the designation of the direction of the measures of the 
100" comparator. 

As explained in section 3, the kilometre was divided into four nearly 
equal sections by intermediate marking stones set a few days before' 
the first measure was begun. Subsequently it was thought desirable 
to have a section 100™ long at the north end of the kilometre measured 
with the iced bar, for the purpose of studying the behavior of the bars 
of the secondary apparatus. Accordingly, a section stone was set on 
September 10, 1891, 100™ south of the north end of the kilometre. 

The first set of measures of the kilometre began on September 9, 1891. 
Starting at the north end of the kilometre on the afternoon of this date, 
it was thought best to measure the first section for practice only, since 
the men were nearly all unaccustomed to the work, and since the port- 
able tracks and some minor parts of the apparatus were then used for 
the first time. Owing to some delays but 150'" were measured before 
nightfall, when the four microscopes were left in place on their posts 
to mark the terminus of the day's measure. The work was continued 
to the end of the section on the following date. The result of this trial 
measure is not included in the adopted results given below, though it 
is given in a footnote to Table II following. Although obtained under 
the unfavorable conditions stated, it does not differ materially from 
the results for the same section obtained a few days later. 

In all the kilometre measures the observers on the bar were J. S. Sie- 
bert and K. S."V\'oodward. Siebert in all cases adjusted the microscope 
at the front end of the bar, while "Woodward held the trough and bar 
by means of the lever, as explained fully in section 10 of Chapter I. 
The grade-sector readings and the alignment measures were observed 
by John F. Hayford. The record was kept by Eobert Penington, 
except for the last day's work, September 30, when Mr. Hayford per- 
formed this task in addition to his work of observation. 

The computations entailed by the work were made by Siebert, Hay- 
ford, and "Woodward in tlie field, and carefully revised at the office by 
Siebert and "Woodward. 
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Table II folio-wing gives the results of all the measures of the kilo- 
metre sections except that of the trial measure alluded to above. Since 
the several corrections resulting from these measures are large rela- 
tively to those of the measures of the 100™ comparator, it is considered 
desirable to give them in full detail. The first column gives the date 
of the measure. The second column designates the section measured as 
well as its length, O^-lOO"", for example, denoting the section between 
the north terminal sphere of the kilometre and the next sphere south. 
The third column gives the direction in which the measure proceeded. 
The following four columns give in succession the micrometer, grade, 
alignment, and cut-off corrections. The last column gives the sum of 
these corrections, or the excess of the length of the section over a round 
number of bar lengths, which number is 20, 30, or 50, according as the 
section is 100", 150"", or 250°' long. 

Table II. — Data for lengths of sections of standard Mlometre.* 



Date, 


Section. 


Direction of 
measure. 


Microm- 
etre cor- 
rection. 


Grade 

correction. 


Alignment 
cor- 
rection. 


Cut-off cor- 
rection. 


Sum of 
corrections. 


189I. 


m ni 




vim 


mm 


VI fn 


mm 


mm. 


Sept. 15 


O-IOO 


N. to S. 


—0-478 


-0-338 


—0-245 


-^ 4-814 


- 5-875 


15 




S. to N. 


-0-247 


—0-328 


— 0-225 


— 5-009 


- 5-809 


' 26 




N. to S. 


-0-084 


—0-324 


—0-145 


— 4-914 


— 5-467 


30 




S. to N. 


— 0-I45 


—0-315 


—0-137 


— 5-003 


— 5-600 


15 


100-250 


N. to S. 


—0-125 


— 0-270 


—0-292 


+ 12-909 


+ 12-222 


15 




S. to N. 


+ 0-205 


— 0-264 


—0-334 


+ 12-722 


+ 12-329 


26 




N. to S. 


+0-607 


—0-280 


-0-222 


+ 12-336 


+ 12-441 


30 




S. to N. 


+0-876 


— 0-258 


-0-352 


+ 12-400 


+ 12-666 


10 


250-500 


N. to §. 


+0-086 


— 0-289 


—0-197 


— 5-030 


— 5-430 


15 




S. to N. 


—0-752 


— 0-302 


—0-439 


— 3-060 


— 4-553 


26 




N. to S. 


—0-670 


— 0-290 


— 0-214 


— 4-321 


— 5-495 


29 




S. to N. 


— 0-022 


—0-336 


—0-303 


— 4-940 


— 5-601 


II 


500-750 


N. to S. 


— 0-354 


— 0-962 


—0-472 


+20-864 


+ 19-076 


14 




S. to N. 


+1-831 


— 1-048 


—0-535 


+ 19-I18 


+ 19-366 


28 




N. to S. 


— O-IOO 


-0-950 


-0-376 


+21-095 


+ 19-669 


29 




S. to N. 


+0-079 


— 0-982 


—0-350 


+21-019 


+ 19-766 


II 


750-1000 


N. to S. 


—0-812 


-5-852 


—0-577 


— 13-323 


— 20-564 


14 




S. to N. 


+0-265 


—5-860 


— 0-461 


— 13-223 


—19-279 


c8 




N. to S. 


— 0-960 


-5-812 


-0-495 


-14-016 


—21-283 


29 




S. to N. 


—0-364 


-5-889 


—0-391 


-14-549 


-21193 



*The length of the section o"' to 250™ derived from the practice measure of September 
9 and 10, 1891, was 50 817 + 6-45""". 

{9.) Derivation of the lengths of the kilometre sections. — As explained 
in section 3 and more fully in section 10 below, the conditions which 
obtained during the time of the first two measures of the kilometre 
were very unfavorable as compared with those met during the time of 
the last two measures. In addition, it is probable that the section 
stones underwent some small though appreciable displacements dur- 
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ing tlie interval wbicli elapsed between the two sets of measures. For 
these reasons and others which will appear below, it is deemed best 
to consider the two sets of measures separately. 

Since the division of the first quarter section of the kilometre into 
two parts by the 100™ stone did not materially affect the precision of 
the sum of those parts relatively to the precisions of the other quarter 
sections, we shall in the first place derive the lengths of the several 
quarter sections, and consider the measures of the 100'" section subse- 
quently by themselves. 

As remarked in the discussion of the measures of the 100™ compar- 
ator in section 6 above, the measures of the kilometre sections indicate 
a systematic difference depending on the direction of naeasurement. It 
is desirable, therefore, to exhibit the results in such a way as to clearly 
bring out this peculiarity. Accordingly the following statement is 
derived from Table II, the sums of the quantities therein being rounded 
to the nearest hundreth of a millimetre : 

Table III. — Staiement of results of measures of standard kilometre. 

[Fir^t set, September loto 15, 1891.] 



No. of 
measures. 


Direction of 
measure. 


Section o"" to 
250". 


Section 2<;o™ 
to 5oo">. 


Section soo"" 
to 75o'». 


Section 750™ 
to 1,000". 


o'"-i,ooo™. 


I 
2 

1 — 2 


N. to S. 
S. to N. 


mm. 

-f6-35 
+6-52 

-0-17 


mm. 
-5-43 
-4-55 

-0-88 


mm. 
+ 19-08 
+ 19-37 

— 0-29 


mm. 
—20-56 

— 19-28 

- t-z8 


mm. 
— 0-56 

+2-o6 

—2-62 



[Second set, September 26 to 30, i8gi.] 



N. to S. 
S. to N. 



+6-97 
+7-07 



— 5-60 
-fo-io 



+19-67 
+19-76 

— o-og 



-21-28 
-21-19 

- 0-09 



+0-04 



It is seen that in seven out of the eight independent cases presented 
in this statement, the measure made from north to south was less than 
that made in the reverse direction; and it appears worth while to give 
an idea of the extent of this discrepancy before adducing what appears 
to be its cause. To this end, let Si, S2, S3, S4 denote the most probable 
values of the excesses of the measured lengths of the several sections 
over fifty bar lengths, on the assnmption that the mean of a forward 
and backward measure of a section is free from systematic error; and 
let X denote the most probable ^alue of tlie systematic error on the 
suppositions that it is proportional to the distance measured and that 
it changes sign with the direction of measurment. Then a pair of 
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measures of a section will give a pair of observation equations of the 
form 

s + x — ni = Vi, 
s + aj — Wa = ^2 ; 

and each set of measures of the sections of the kilometre will give 
eight equations of this type containing five unknowns, namely, S], Si, S3, S4, 
and X. On the other hand, we may entertain the simpler assumption 
that no systematic error is eliminated in the mean of a forward and 
backward measure; in which case the quantity x will disajipear from 
the above observation equations, but the values of the quantities s will 
be the same as before. The validity of the quantity aj'will therefore 
depend, -so far as the purely observational evidence goes, on the effect 
its use has in diminishing the residuals which result from the simpler 
supposition of no systematic error. In order to compare the two sys- 
tems of- residuals we shall give those resulting from the suppression 
of X alongside and to the right of those resulting from the use of x in 
the observation equations below. 

Keferring, then, to Table III, the first set of measures of the sections 
gives the following system of equations: 



mm. 


mm. 


mm. 


s^ _ « _ 6-35 = 


- 0-24, 


+ 0-09, 


Si + X - 6-52 = 


+ 0-25, 


- 0-08, 


s-2 - X + 5-43 = 


+ 0-11, 


+ 0-44, 


«2 + X + 4-55 = 


- O-ll, 


- 0-44, 


S, - ,t: - lO'OS = 


- 0-19, 


+ 0-14, 


s, + ,r - 1!)'37 = 


+ 0-18, 


- 0-15, 


s^ - X + 2;»-.-.i) = 


f 0-31, 


+ 0'64, 


s, + :r. + 19-28 == 


-~ 0-31, 


- 0-64. 


These give 






mm. 




mm. . 


s, = + 6-44, 


S2 = - 


■ 4-99, 


S3 - + 10-2-, 


S4 = - 
mm. 


- 19-92, 


X = + 0-33, 





together with the residuals in the second members of the observation 
equations. 

The sum of the squares of the residuals in the above system wherein 
X is used is 0-4050. Hence the probable error of one equation is 
± 0-25'°«', that of either value of s is ± 0-18°"", and that of a?, ± 0-09""". 

The sum of the squares of the residuals resulting from the suppres- 
sion of a; is 1-2G3. The probable error of a single equation is ± 0-38""', 
and that of either value of s, ± 0-27"™. 
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The corresponding data of the second set of measures give the follow- 
ing system of equations and values: 

m»». mm. mm, 

Si- sc — 6-97 = + 0-03, + 0-05, 

Si + X - 7-07 = - 0-03, - 0-05, 

S2 - X + 5-50 = - 0-07, - 0-05, 

52 + X + 5-CO = + 0-07, + 0-05, 

53 _ ,c _ 19-67 = + 0-03, + 0-05, 
s, + x - 19-76 = - 0-02, - O-OA, 
s,- X + 21-28 = + 0-02, + 01, 
s^ + X + 21-19 = - 0-03, - 0-05, 

mm. mm. 

Si = + 7-02, $2 = — 5-55, 
S3 = + 19-72, S4 = - 21-24, 
7nm. 
X = + 0-02. 

The sum of the squares of the residuals in the system involving x is 
0-0142. Hence the probable error of one equation is ± 0-046""", that 
of either s is ± 0-033""', and that of a; is ± 0-016™". Suppressing x, the 
sum of the S(iuares of the residuals is 0-0182, the probable error of one 
equation is ± 0-045™"' and the probable error of either s is ± 0-032™™. 

(10) JDiscussion of results of kilometre measures. — Judging from the 
numerical evidence as presented in the preceding section it would 
appear that there was an active cause of systematic error during the 
time of the first pair of measures of the kilometre, and that this cause, 
though present, produced very small effects during the time of the 
second pair of measures. As already stated in section 3, the ground 
along the kilometre at the time of the first two measures was very wet 
and in some places inundated, and in view of the differences in magni- 
tude of the discrepancies (1 — 2) shown in Table III, for the several 
sections, it is important to consider a number of circumstances which 
were present during the time of the first pair of measures but absent 
during the time of the second pair. 

Those portions of the kilometre whereon the stability of the micro- 
scopes was least, fell iu the sections 250™ to 500™ and 750™ to 1,000™. 
Along about 150™ of the first of these the ground was more or' less 
under water and very elastic, so that when a length of the portable 
track was carried forward considerable vibrations were transmitted 
through the soil to the microscope posts. Along the other section the 
ground was in general much drier, and hence the posts were in gen- 
eral much stabler. But near the middle of the section was a low stretch 
of about 50"" where the ground was wet, and where the posts were set 
to a less depth than elsewhere in order to avoid steep gradients; so 
that the microscopes had here much less than the average stability. 
On recurring to Table III it is seen that the differences (1 — 2) for 
these sections are much larger than those for the other sections, and it 
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is difBcult to avoid tlie inference tiiat the lack of average stability of 
tlie microscope posts on these sections gave rise in some way to the error 
in question. A way which naturally suggests itself is the following: 

Consider a measure of the kilometre proceeding from north to south. 
It was the habit of the microscope porter to stand on the south side of 
the microscope posts when clamping the microscopes to them. He 
thus turned the clamp screw which fell on the east side of any post 
with his right hand. If in this operation he habitually pushed the 
posts towards the north, they would not speedily recover their normal 
positions when set in wet or viscous soil. Any jarring about them, 
however, would tend to hasten the recovery of their normal positions. 
Such jarring was always caused by the movements of the operatives 
with the heavy car tracks and by the rolling of the cars along the 
tracks. Under these conditions each microscope would undergo more 
or less displacement towards the south after it was used at the front 
end of the bar and before it was used at the rear end. This would make 
the measured value of the distance too small. On the other hand, 
when the measure proceeded in the opposite direction, the porter stood 
on the same side of the posts as before stated in fastening the micro- 
scopes, and hence their displacements would still be towards the south. 
The measured value of the distance would thus be, in this case, too 
great. 

This hypothesis explains all the discrepancies between the forward 
and backward measures of the kilometre as well as those of the com- 
parator measures of October 2 and 6, to which attention is called in 
section 6 above; for in the measures of the comparator on the two 
latter dates the porter who moved and clamped the microscopes was 
the one who handled them in all the kilometre measures, and it is 
practically certain that whatever habit he followed in the latter work 
was adhered to in the former.* 

In the light of this hypothesis the larger values of the discrepan- 
cies developed in the measures of the kilometre sections on wet and 
plastic ground, and the practical disappearance of such discrepancies 
in the second set of measures made when the ground was dry and the 
microscopes very stable, are easily understood. 

In view of all the evidence, the explanation just given is regarded 
as the most plausible one assignable for the systematic error in ques- 
tion. But there are some other circumstances affecting the iirst two 
measures of the south half of the kilometre which are worthy of men- 
tion. In the first measure of the section 500™ to 750" one stop was 
made and the measure transferred for a half hour to a cut-off plate, 
while some posts which had been slightly misplaced were put in proper 
position. In the first measure of the section 750"" to 1,000™ a stop was 

* During the earlier measures of the comparator the microscopes were handled by 
another porter whose habit, unfortunately, was not observed. 
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made by reason of <i shower of rain. This delay brought ns to the 
end of tlie section after nightfall, and a still farther delay was caused 
at that end by a maladjustnieut of the terminal microscope post with 
reference to the cut off sphere. Lamps for illuminating the micro- 
scopes were at hand, so that no difSculty on this score resulted, but 
during the delay in the last instance dependence had to be placed on 
the stability of the microscopes. Although great care was taken in 
all these cases to avoid the introduction of error, the opportunities for 
its occurrence were, of course, greater than when no delay took place. 
During the reverse or second measure of this section the rear micro- 
scope was set forward or backward five times by means of its slide 
rest in order to bring the forward microscope within reach of the end 
of the bar. This method of shifting the microscopes was also resorted 
to three times during tlie second measure of the section 500" to 750"'.* 
These displacements were measured with a millimetre scale, and it is 
possible, though I deem it very improbable, that some formidable error 
was introduced thereby. Finally, a fear was entertained that some 
displacement of the cut-off sphere at the 750™ stone took place during 
the interval of two days wliich elapsed between the first two measures 
of the south half of the kilometre. The basis of this fear lay in the 
fact that by accident or design on the part of some one unconnected 
with the work a heavy block of wood used as a cover to the stone was 
allowed to fall on the eap of the cut-off sphere. The cap was thus 
driven on the sphere so tightly that considerable force was requisite 
to remove it; audit is possible, though not very probable, that this 
double disturbance produced some displacement. 

With regard to the circumstances attending the second pair of 
measures of the kilometre, it should be said that they were in nearly 
every way more favorable than those attending the first pair. The 
ground along the line had become dry and firm; the intermediate sec- 
tion stones had had time to settle and to become hard; all of the diffi- 
culties in the use of the apparatus had become familiar to the observ- 
ers, and the measurements proceeded without a single unexpected 
stop or delay. During the course of these measures several tests were 
made of the stability of the microscope posts as affected by the near- 
ness of the operatives to them. It was found that no appreciable mo- 
tion of the microscopes occurred unless the operatives approached 
much closer to the posts than was permitted in the actual work. In a 
trial made on one of the least stable portions of the line, the presence 
of five men alongside the Y-trough produced "no displacements of the 
microscopes at the ends of the bar so long as the man nearest to a post 

*In no other cases was this questionahle method of shifting the microscopes re- 
sorted to. It should he said, in fact, that the experience gained during the first 
two measures of the kiJometre enaliled us to avoid not only this difficulty, hut 
other difficulties wliich, while they may not have litiatod the work perceptibly, 
caused more or less delay aud vixatioii. 
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was distant two decimetres. It is believed, tlien, tliat tlie microscope 
posts were very stable during these measures, altliougli it appears Jiot 
improbable that they underwent slight displacements due to the pres- 
sure applied in clamping the microscopes to them. 

It remains to consider briefly the question whether we can safely 
assume that the terminal and section marks of the kilometre main- 
tained constant relative positions. Assuming that the systematic 
error is well eliminated in the mean of a forward and backward meas- 
ure, an idea of the stability of the end and section marks may be 
gained from Table III by computing the differences between the mean 
lengths of the several sections resulting from the first pair and second 
pair of measures. Thus we have : 

Mean of first pair minus mean of second pair of measures for — 

m. m. mm. 

Section to 250, = - 0-58 

250 500, = + 0-56, 

500 750, = - 0-50, 

750 1000, = + 1-32. 

These figures indicate considerable movements of the marking stones ; 
and it seems not improbable that movements of such magnit.ude did 
actually occur, since the stones rose to the surface of the ground and 
the moisture in the ground varied from the extreme of saturation to 
the extreme of dryness during the interval of fifteen days which elapsed 
between the two sets of measures. It will be seen also, from these fig- 
ures, that a movement towards the south of 0*5'"" of the first section 
stone would account for the discrepancies presented by the measures of 
the first two sections. This stone, set originally in ground saturated 
with water, is perhaps more likely to have moved than the other two. 
Similarly, it is inferred that the stone at 750™ is more likely to have 
moved than those adjacent to it, although its movement alone would 
leave appreciable outstanding discrepancies. 

Additional evidence of relative motions of the marking stones is 
afforded by the measures of the 100'" section of the kilometre at its 
north end. Thus we have from Table II the following values for the 
measured excesses of that section over twenty bar lengths: 

mm. 
Sept. 15, 1891, N. to S., excess = - 5-88, 
Sept. 15, 1891, S. to N., excess = - 5-81, 
Mean excess = — 5-84, 

Sept. 26, 1891, N. to S., excess = - 5-47, 

Sept. 30, 1891, S. to N., excess = - 5-60, 

Mean excess = — 5-53. 

Mean of first pair of measures minus mean of second pair = — 0-2S ■"™ 
This result, so far as it goes, agrees with the first of those given above 
in indicating a movement of the terminal stone lowaixls the north. 
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From the evidence just submitted, together with that furnished by 
the measures of the 100" comparator, and from an intimate knowledge 
of the conditions attending the work, it is impossible to doubt that we 
were dealing to a quite appreciable extent with actual movements of 
the marking stones. For this reason it would seem essential to the 
highest precision in measures with the iced-bar apparatus to place the 
marking stones well under ground and to give them plenty of time for 
settlement before using them. 

(11) Probable errors of the Mlometre measures. — From the data and 
discussion given in the preceding sections, it appears that the errors 
affecting the kilometre measures as expressed in terms of JB,, are of 
three kinds, namely: First, error of operation of the accidental class; 
second, error of operation of the systematic class; and third, error aris- 
ing from motions of the marking stones, which latter may be assumed 
to be of the accidental sort. 

In the case of the first two measures of the kilometre it would seem 
that the systematic error surpassed by far the resultant of the other 
two. In the case of the last two measures the systematic error, though 
probably still the controlling one, was very small and to some extent 
concealed by the resultant of the other two. It would seem quite safe 
then to deduce the probable error due to the accidental errors of opera- 
tion from the second set of measures on the supposition that the two 
other sources of error were inoperative, since the value thus reached 
will be too large. No such limiting value, however, can be assigned 
for either of the probable errors due to the other sources, since the 
uneliminated portion of the systematic error is entangled with the error 
due to stone movements. 

Recurring to the secorid system of equations and values given in 
section 9, it is seen that the probable error of a single measure of a sec- 
tion (of 250" length) is ± 0-045""; and this is the upper limiting value 
for the probable error of operation when the apparatus is used on stable 
ground. From this it follows that the corresponding probable error 
for one measure of a kilometre is i 0"09"". 

It is of interest to compare this with the value deducible from the 
measures of the 100" comparator, where the conditions were essentially 
the same as those which obtained during the second set of measures of 
the kilometre. Eeferring to section 5, we have ± 0-036°™ and ± O-OGl"™ 
as the probable errors of a single measure of 100" without exchange of 
observers to eliminate personal equation. Taking the average of these 
two values, dividing it by ^2 to allow for exchange of observers, and 
multiplying the quotient by -/lO, we have for the probable error of one 
measure of a kilometre, as inferred from the comparator work, ± 0-11"", 
which agrees well with the value just given above. 

It is clear from these figures that, with stable microscopes and with 
stable section marks, the error of measurement may be rendered quite 
insignificant in comparison with that of the length of the measuring bar. 
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(12) Adopted lengths and probable errors of tlie kilometre sections and 
Icilometre. — In deriving final values for the lengths of the sections and 
for the whole kilometre, we should deal only with the means of the for- 
ward and backward measures, since in these means the systematic 
error is partly, if not largely, eliminated. The lengths in question 
should appertain to an epoch falling nearer to the epoch of the second 
set than to that of the first set of measures of the kilometre, since it 
was used from September 8 to October 8, 1891, as a standard in testing 
the behavior of the lOO" steel tapes aud the secondary apparatus. What- 
ever lengths we derive will be affected by the changes which took place in 
the relative positions of the markiag stones. It is believed that these 
changes were considerable in comparison with the actual errors of 
measurement affecting the mean results in either set of measures. In 
view of these considerations, it is deemed best to assign double weight 
to the mean results of the second set of measures, and compute probable 
errors for the weighted mean values of the sections accordingly. 

In conformity with this plan, then, the mean values given in Table 
III, or in section 9, furnish the following system of observation equa- 
tions and values, Sy, $2, s^, St, being, as in section 9, the most probable 
values of the excesses of the sections over 5QB„ : 



mm. 


mm. 


Weighta. 


s, _ 6-44 = 


+ 0-39, 


1, 


Si - 7-02 = 


- -19, 




S3+ 4-99 = 


- -37, 


1, 


S2 + 5"55 = 


+ -19, 


*> 


s, - 19-22 = 


+ -33, 


1, 


S3 - 19-72 = 


- -17, 




s, + 19-92 = 


- -88, 


1, 


s, + 21-24 = 


+ -44, 


2. 


mm. 




mm. 


Si = + 6-83, 


Sj= - 


5-37, 


S3 _ -1- 19-55, 


Si=- 


20-80. 



The sum of the weighted squares of the residuals in this system of 
equations is 1-76. Hence the probable error of one equation of weight 
1 is" ±0-45""" and that of either s is ±0-26"". Thus it appears that 
when the movements of the marking stones are included with the 
errors of operation, the probable error of our adopted values for the 
quarter sections of the kilometre amounts to the millionth part of their 
length. 

If it were proper to infer the probable error of the whole kilome- 
tre or (Si + S2 + S3 + Si), from the above calculation, we should find 
_l_ 0.45mm X § V3^'± 52"™. But this is manifestly too large if the 
measured values of the whole length of the kilometre are free to any 
extent from the effects of the motions of the intermediate marking 
stones. The mean values of the excesses of the kilometre over 200jBi7 
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for tLe two pairs of measures are as seen from Table III, section 9, 
+ 0-75™™,and — 0-05"'". Giving the second of tliese double weight, 
their weighted mean is + 0-22"'™ ± 0-20'°™. The probable error is here 
only half that given above, and thus confirms the supj)osition that tlie 
values for the whole kilometre are not to any considerable extent 
affected by the movements of the intermediate marking stones. ' 

For the whole length of the kilometre we shall adopt the value just 
derived. This length is 

200i?,; + 0'22'""' ± 0-26™-. 

The values of the quarter sections of the kilometres are not needed, 
but the halves of the line were used in testing the secondary apparatus. 
Deriving the lengths of these halves and their probable errors by the 
method just applied in getting the entire line, we find the 

North half = 100 B,,, + l-46""» ± 0-19""". 
South half = 1005,, - 1-25 ± 0-19. 

It remains now to combine the probable error of Bn with the proba- 
ble errors attached to the above values in order to get their total proba- 
ble errors when expressed in metres. The probable error of B]-, for A 
end right, as given in Chapter II, section 23, is ztl'S*^, and hence the 
probable errors of 100 B„ and 2005,^ are iO-lS™" and ±0-26""', respect- 
ively. Finally, therefore, we have for the lengths of the kilometre and 
its halves, when expressed in terms of the International Metre, 

Whole kilometre = 2005,7 + 0-22'"'" ± 0-37"™, 
North half = lOOS,^ + 1-46 ± 0-23, 
South half = 1005,, - 1-25 ± 0-23, 
5,7 = 5" -18-0''. 

(13) Adopted lengths and probable error of 100'" section. — The 100™ 
section at the north end of the kilometre was used in some experiments 
with the secondary bars, and it is important to adopt some lengths for 
it. Since the dates of use of this section did not correspond with the 
dates of its measurement with the iced bar, it seems best to adopt a 
mean length from each set of measures. Then for any date of use of 
the section a value for its length may be interpolated, assuming that 
the relative positions of the marking stones changed proportionally 
with the time. Thus we have from Table II, section 8, 

Mean length 100" section — 

September 15, 1891, = 205,; — S-Sl™"" ± 0-04™", 
September 28, 1891, =: 205,, - 5-53 ± 0-04. 

Introducing the probable error oiB„ we have Anally, for the lengths 
of this section when expressed in metres 

September 15, 1891, 100"" section ='20 T?,^ — 5-84""" ± 0-05""", 
September 15, 1891, 100™ section = 205,^ - 5-53 ± 0-05, 
5,7 = 5™- 18-0 ^ 
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chapter iv. 
The Metallic Tape Base Apparatus. 

A. — DESCRIPTION CSF APPARATUS AND ITS USE. 

(I) Historical note. — The iavestigation of the practicability of using 
long metallic tapes for measuring liues of precision was taken up by 
the Coast and Geodetic Survey in the autumn of 1890. This work was 
assigned to the writer, who devised the apparatus and methods described 
herein. 

During the winter of 1890 and 1891 a great number of experiments 
were made with a view to determine the best method of stretching aud 
aligning a tape, aud especially with a view to discovering the most 
effective way of getting the tape's temperature. For this purpose a 
100"' comparator was set up in the Botanical Garden at Washington, 
D. C. This comj)arator consisted simply of a series of equidistant 
stakes, 10*" apart, bearing support nails for the tape, and a post at 
either end, on which were attached scales for defining the tape's posi- 
tion at any time. In addition, a large number of laboratory experi- 
ments were made with various thermometers to determine their sen- 
sitivities under differing conditions. This preliminary work served to 
fix attention on most of the points essential to the use of tapes ia pre- 
cise work. 

During the spring of 1891 the apparatus as herein described was 
constructed by D. Ballauf of Washington, D. C., and by the Instrument- 
Division of the Survey, and in July following, the apparatus was taken 
to Holton Base, where the long tapes were standardized on the 100" 
comparator described in section 2 of Chapter III. The tapes were in 
turn used to measure Holton Base during the same summer. The five 
sections of this base (of 5 500"') were measured from six to thirty times 
each under various circumstances as to temperature, time of day, etc., 
and the behavior of the tapes was well shown by the measures of the 
kilometre section which was standardized by means of the iced bar 
ai^paratus as explained in Chapter III. In the following year, namely, 
October, 1893, another base (of 3 900") at St. Albans, W. Va., was 
measured. 

Mercurial thermometers were used in all these measures to determine 
the temperature of tlie tape. An attempt was made in 1891 to use a 
bronze tape in connection with tlic steel ones for temperature indica- 
tions, but the bronze tope was ibund to liavc too low a rate of expan- 
sion for successful competition with aieicurial thermometers. The 
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feasibility of stretching two tapes simultaneously was demonstrated, 
however, and if a suitable metal for use with steel can be found it may 
prove advantageous to discard the mercurial thermometers. 

In all this work, save that pertaining to St. Albans base, very eflQcient 
service was rendered by Mr. J. S. Siebert, who made most of the work- 
ing drawings for the construction of the apparatus and who partici- 




pated equally in the large amount of observation and computation 
entailed. 

(2) The JOO"" tapes.— These tapes are of steel. They are 101-01" long, 
and are 6'34"™ by 047™" in cross section. They weigh 22-3 grammes 
per metre of length. They are subdivided into 20" spaces by gradua- 
tions ruled on the surface of the tape itself. Beiug lOl-Ol" long, the 
end graduations fall about O-o" from the tape ends, which terminate in 
loops formed by annealing and riveting the tape back on itself. The 
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surface of the tape, where it is not polished to receive the graduations, 
is of a dull black color. Wheu not in use the tapes are rolled up on 
reels, and they may be thus transported with ease and safety. 

(3) The tape-stretchers. — The nature of the tape-stretchers used to give 
tension and alignment to the tape may be best understood by a glance 
at the cut on page 414. They consist of a lever hinged by a universal 
joint to a platform on which the operator stands. This lever is made 
of a piece of steel tubing terminating in a hickory handle. Along the 
upper two-thirds of the tube is cut a scre\f thread on which a wheel 
nut plays freely. This nut gives a vertical motion to a gimbal-jointed 
support to which a spriag balance is attached. The balance is con- 
nected with the tape by means of a short piece of sash chain. It is 
evident from the figure that the stretcher has all the motions necessary 
to enable the operator to align the tape and to give it the proper tension. 

The balance, which is simply a commercial article adapted to the 
purpose, reads to ounces, and may be easily held to the nearest ounce 
by the operator. 

An important item for the safety of the tape used is a breaking link, 
or a link which wUl part under a tension of about 14 kilogrammes or 
30 pounds. A link of this sort is provided at each end of the tape, so 
that it can not be overstrained byaccident. 

It will be noticed that the balance carries two hooks. The extra 
hook, which is attached to the balance frame, was intended to carry 
the additional tape in case it proved advantageous to use tapes of dif- 
ferent metals simultaneously. This plan of stretching two tapes 
worked very satisfactorily, the tension of the steel tape being given 
by one balance and that of the bronze by the other; but, for the rea- 
son stated above, this plan was followed only in making a few of the 
tape comparisons mentioned below. The extra hook, it may be stated, 
is provided with a longitudinal screw motion, so that by means of this 
and the links of the connecting chains the tapes may be always brought 
to the proper tension, whatever their temperature. 

When a single tape is used, the rear end is attached to the extra 
hook of the rear end balance, while the desired tension is given by the 
balance at the front end of the tape. 

An objection to this form of stretcher lies in its weight, which is 
about 45 pounds. Contemplated improvements will lighten it by 
several pounds and bring the balance to a position concentric with the 
lever shaft. Experience has shown, however, that an able-bodied 
operator can handle the stretcher successfully when measuring at the 
rate of 2 kilometres per hour. During the measurement of St. Albans 
base, in 1892, 8 kilometres were measured on one occasion between 
7 :30 p. m. and midnight without excessive fatigue to the operators. 

(4) The thermometers. — The thermometers used are of the Centigrade 
type and are graduated on their stems to half degrees. They were 
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niade by Green, of ^e\v York. They were originally mounted on brass 
scales. The preliminary experiments showed that the mass of these 
scales caused the thermometers to lag very considerably with respect 
to the tape temperature. Hence the scales were remo^•ed, and light 
wire loops were attached to the ujjper ends of the stems, so that the 
thermometers could be suspended by a cord and thus isolated from 
adjacent masses or whirled in the air when necessary. Experiments 
also showed these thermometers to be slightly more sensitive when 
the bulbs were covered with sheaths of blackened aluminum foil, 
though this increase, if real, is probably unimportant. During the 
measurement of St. Albans base, in 1892, tlje aluminum sheaths were 
replaced by steel sheaths, made by coiling and annealing very thin 
steel tape into lengths just long enough to slip over the bulbs and 
clasp the thermometer stems. These are undoubtedly superior to the 
aluminum sheaths in simulating the su.rface of the tape", but they are 
of somewhat greater mass than the aluminum sheaths and cause more 
lag of the thermometers with respect to the tape. In any case, it 
seems desirable to blacken the bulbs of thermometers used with steel 
tapes presenting a blackened surface. 

A great number of experiments, made in the Botanical Garden dur- 
ing the winter of 1890-'91, showed that with the tbermometers 
arranged as just described (i. e., with aluminum sheaths) they followed 
the tape temperature without serious lagging when observations were 
made under a clear sky at night. 

Subse(iuent experience in determining the tape lengths on the 100'" 
comparator of Holton Base showed a very satisfactory accordance of 
the tape and thermometer temperatures, whether observations were 
made during the day or night. This comparator was covered, however, 
except on its north side, by a shed which screened the tape from the 
direct rays of the sun. 

Sometimes three of the thermometers were used with the tape, and 
at other times two. When three were used, they were placed one at 
the middle of the tape's length and one at one-sixth that length from 
either end. When two were used they were generally placed at one- 
fourth the tape's length from its ends, respectively. For the most pre- 
cise work, as in comparisons for determining the tape lengths, the three 
thermometers were each read twice, once just before and once just after 
the observations on the tape. The mean of the six thermometer read- 
ings thus made gave the tape's temperature with a probable error of 
about ± 0-2" G., equivalent to 5-oiro oo part of the tape length, when 
observations were made at night or under the comparator shed. 

(5) Method of utipporting and marling position of tape. — When in use 
for measuring a line the tape is supported at equal intervals of 10'" or 
20'" throu.yhout its length. The supports (bund most eouveuient and 
amply sufficient are steel-wire nails driven into stalics set at the proper 
intervals along the line. These nails are rauged into a straight line for 
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any tape length by means of a sin all theodolite whose telescope axis 
may be brought to the right height at'oiie end of that tape length. 

The ends of the tape are supported by the tape stretchers, by means 
of which the tape is aligned over the marking stakes. The latter are 
stakes of scantling cut off or driven down to the proper height and 
capped with a small table, on which a plate of zinc is held in place by 
light nails. These tables and plates are rectangular, 5<="' by 20'"", say, 
and the longer sides are placed parallel to the line. On the plates the 
position of the forward-end graduation of the tape is marked as the 
measure progresses by means of a sharp brad-awl held against the edge 
of a small try-square, which is aligned against the longer edge of the 
marking plate. The rear-end graduation of the tape is in turn brought 
into coincidence with the successive marks on the zinc plates.* 

(6) Operation of measurement. — The marking and support stakes for 
the measurement of a line are most advantageously ranged out and 
adjusted beforehand. This is especially essential for work of tlie highest 
precision carried on at night. Assuming this to have been done, and 
that night work is contemplated, the operation of measurement, if car- 
ried on rapidly, will require twelve men, to wit, two observers of the 
tape, one at the front and one at the rear end ; two observers of ther- 
mometers, who also help to carry the tape forward; one recorder; two 
operators of the stretchers; five men to handle lamps and to carry the 
tape forward. 

The co-operation of the observers and other operatives is secured by 
means of a code of signals made with whistles held by the observers. 
Thus, when the observer at the rear end of the tape is ready to have 
the tension applied, he gives one blast of his whistle. The stretcher 
at the front end immediately brings his balance to the proper reading, 
when the observer at that end announces the fact with one blast of his 
whistle. With the tape under tension the rearend observer adjusts 
the rear-end graduation of the tape to coincidence with the defining 
mark on the zinc plate at that end. When this is accomplished he 
gives two blasts from his whistle. On hearing these, the recorder, 
who stands at the middle of the tape length, immediately lifts the tape 
a few centimetres from the support nail near him and lets it fall back. 
The effect of this is to make the tape straight and relieve it from fric- 
tion on the support nails. When the vibration of the tape ceases the 
rear observer gives one blast, which signifies that the position of the 
front end of the tape may be marked on the zinc plate. The mark is 
made by the front-end observer, who, on completing the operation, 
gives one blast from his whistle. Then the thermometer readings, 
which are observed while the mark is made, are called out to and 

* The use of suoli plates was introduced iu 1885 by Mr. 0. B. Wheeler, assistant 
engineer, Missouri River Commission. 
8. Ex. 37—27 
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repeated by the recorder. Finally, the rear observer sounds two blasts 
from his whistle and the tape and tape stretchers are carried forward 
to a new position. • 

The speed attained in this process has been about 2 kilometres per 
hour, though a single kilometre has been measured in twenty minrftes. 

By reason of the expansion and contraction of the tape, it is fre- 
quently desirable to set the tape back or forward by a round number 
of centimetres. This maybe done on the zinc plates by means of a 
suitable pocket scale. Such displacements are recorded as " set-backs" 
and "set-ups." Their amount is engraved on the plates, which may 
be appealed to if any doubt arise concerning the record. When "set- 
backs" or "set-ups" are made, and when more than one measure is 
recorded on the plates, it is advantageous to number, orient, and date 
them for filing as part of the records. 

B. — DETERMINATION OP EQUATIONS OP TAPES. 

(7) Apparatus for observing lengths of tapes. — It is obviously necessary 
to the successful use of long tapes in measuring lines of precision to 
provide suitable means for observing the tape lengths at different tem- 
peratures. Such data for any tape give its length at some assumed 
temperature and its rate of expansion, and thus enable us to write an 
equation from which the length at any observed temperature can be 
computed. In order to meet this requirement in a way which would 
leave least room for doubt concerning the actual behavior of the tapes, 
the 100" comparator described in section 2, Chapter iii, was devised. 
The features essential to a study of the tapes embodied by the com- 
parator were, 1st, that its length could ''be determined by means of 
the iced bar apparatus with a precision superior to that attainable with 
the tax)es; 2d, that tlie tape could be stretched and aligned on the 
comparator in precisely the same way as when used in the field; and 
3d, that the tape length at any time could be quickly and accurately 
referred to that of the comparator. 

As explained In section 2, Chapter in, the ends of the comparator 
were marked by spherical-headed bolts, or cut-off spheres. The end 
marks or graduations of a tape when under comparison were observed 
by means of micrometer microscopes mounted over the cut-off spheres 
as when ased in measuring the length of the comparator with the iced 
bar apparatus. The positions of the tape ends could thus be accurately 
referred to the cut-off spheres through the medium of the cut-off' cylin- 
ders described in section 8, Chapter i. 

The tape stretchers were mounted on the stationary car track of the 
comparator, and by means of their vertical adjusting screws the gradu- 
ated surfaces of the tape could be easily brought to focus under the 
microscopes. 

The tapes were supported at intervals of 10"^ on wire rods attached 
to the alternate microscope posts of the comparator; and the method 
of handling the tape was in every way similar to that followed in field 
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measurements with the tape, except that its graduation marks were 
observed with micrometer microscopes. 

The thermometers were hung from light wooden supports attached 
to the microscope posts of the middle of the comparator and at 15™ 
from either end. The stems of the thermometers were upright and the 
bulbs were kept at about the same height as the tape. 

(8) Method of observation. — The programme adhered to in all deter- 
minations of the tape lengths made on the 100'"' comparator is the 
following: 

The tape being mounted on its support nails and attached to the tape 
stretchers, was first put under tension, aligned, and brought to focus 
under the microscopes at the ends of the comparator. When this opera- 
tion was completed at the east end of the comparator, the observer of 
that end gave one blast from his whistle. The observer at the west end 
answered this signal by one blast from his whistle as soon as the ad- 
justnients at his end were completed. The observers then read the 
thermometers nearest to them, while the recorder who stands near the 
middle of the comparator read the thermometer at that point. On 
announcing their thermometer readings to the recorder and hearing his 
repetition of them, the observers returned to their respective ends of the 
comparator and re-examined their adjustments of the tape and micro- 
scopes with respect to one another; and the tension, which was always 
applied at the west end of the comparator, was brought to its normal 
value. On completing his adjustment the observer at the east end 
gave one blast from his whistle. This was responded to by one blast 
from the whistle of the observer at the west end as soon as his adjust- 
ments were satisfactory. The observer at the east then gave two blasts 
from his whistle, whereupon the recorder lifted the tape a few centi- 
metres from and let it fall back on the middle support nail. Thjs 
served to relieve the tape from friction on its support nails ; and as 
soon as the tape ceased vibrating the observer at the east end gave one 
blast from his whistle. This was responded to by one blast from the 
whistle of the other observer, and the microscojies were immediately 
brought to bisection on the graduation marks of the tapes. This com- 
pleted, the observers exchanged signals, and proceeded at once to re-read 
the thermomet,ers. Finally, after completing the record of the ther- 
mometer readings, the observers referred their respective microscopes 
to the cut-off spheres of the comparator. 

The time required to make such a set of observations, exclusive of 
the cut-off measures, was two to three minutes, while the cut-off' meas- 
ures required about two minutes additional. 

In observing on the tape it was generally found most convenient to 
move the whole microscope by means of the longitudinal screw of its 
slide rest. 

The reading of the balance index was noted immediately after 
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observing on ihe tape, so that a correction could be applied for any 
departure from tbe normal tension. 

Tables I and II following give the records of a complete set of obser- 
vations for temperature and length of 100"" steel tape No. 88 on the 
comparator. 

As will be seen by a glanjce at Table I, the thermometers were read to 
tenths of a degree. In order to make such readings with ease, hand- 
magnifying glasses were used. 

The standard tension adopted for the 100" steel tapes was 25 pounds, 
9 ounces (11-596 kilogrammes). This is the tension given by the bal- 
ances used when they are. horizontal, when they are^free from index 
error, and when they read 25 pounds even. The departure from this 
even reading was observed to the nearest ounce; or what amounts to 
the same, the actual reading of the balance at the time of observing 
with the microscope on the tapes was noted. 

Since it was generally easiest to move the whole microscope by 
means of the longitudinal screw of it§ slide rest in reading on the tape, 
the micrometer screws were usually set to the same reading at the 
two ends of the comparator in order to simplify the computation which 
requires the difference of the microscope readings. 

The records of the cutoff measures are in all respects similar to those 
obtained in measurements with the iced bar, and fully set forth in sec- 
tion 11, Chapter i, to which reference may be made for an explanation 
of the meaning attached to the symbols in Table II. 

Table I. — Record of observed temperature and length of steel tape 
Wo. 88, October 4, 1891. 



Time of 
day. 


Thermometer readings. 


Balance reading. 


Microscope readings. 


No. 5598. 


No. 5399. 


No. '5601. 


West end, Z. 


East end, R. 


u. m. 
lOIO 
10- 1 1 


117° C. 
H7 . 


117° c. 
II-9 


11-5° C. 
II-6 


25 pounds. 
2 ounces. 


20-00 


20-00 



Table II. — Beeord of cut-off measures corresponding to observations in 

Table 1. 



West end — Repsold cylinder. 


East end— U. S. C. and G. Survey cylinder. 


Time of 
day. 


End 

of scale. 

east. 


Gradua- 
tion 
observed. 


Micro- 
scope 
reading. 


Level 
readings. 


Time of 
day. 


End 

of scale, 

east. 


Gradua- 
tion 
observed. 


Micro- 
scope 
readings. 


Level 
readinsTs. 


I. 


-• 


I. 


r. 


a. m. 
1012 


A. 
B. 


22 I. 
21 I. 


2400 
i6-6g 


90 
15-0 


i6-o 
100 


a. vt. 

I0I2 


A. 
B. 


I I. 

I I. 


19-61 
2272 


5-0 
8'0 


9-5 
6-5 



(9) Length of tape in terms of comparator interval. — Let T denote the 
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length of the tape under comparison at the time of any set of observa- 
tions, and let J) denote the comparator interval, or distance between 
the terminal spheres of the comparator, at the same time. Also, as in 
section 11, Chapter I, let 
L, B = readings of the microscopes on the tape at the left and right 

hand ends of the comparator, respectively, 
Le, Be = corresponding mean readings of the same microscopes on the 

cut-off scales, 
8i, (Sr = divisions'of cut-off scales observed at the respective ends of the 

comparator, 
J], Jr = corresponding inclinations of cut-off cylinders, 
J], jETj = corresponding heights of cut- off scales. 

Einally, let Jr be the excess in ounces of the applied telision over 
the normal tension of the tape. 

Then 

In this formula the upper signs apply to 8i and 8,: when the gradua- 
tion numbers appear inverted (I), and the lower ones when those num- 
bers appear erect (E). The inclinations Ii and I,, are positive when the 
left-hand end of the bubble is the higher. The tension excess Jr is 
positive when the balance reading is greater than 25 pounds. 

The corrections for inclination of the cut-off cylinders ffi Ji, ffil^ 
were generally very small, and hence negligible. The factors by which 
tlie difference of the sums of the level bubble readings must be multi- 
plied to get these corrections are, for the Kepsold cylinder 1"6'' and for 
the U. S. Coast and Geodetic Survey cylinder B-l". These apply, of 
course, only to the special values of the heights Hof the cylinders as 
used on the comparator. 

The value of the coef&cient of Jr used in the actual computations of 
length was 0-047"™ as determined by experiments on the comparator in 
1891. Additional determinations made in 1892 indicate that the value 
Q.Qfjmm per ounce when the normal tension is 25 pounds is more precise. 

The computation of the length T by formula (1) in the case of the 
observations in Table I and II is then as follows: 



Hence we have 









mm. 




T ^. = 


— 


21-500 




± 8, = 


-f 


- 1-000 


-{L 


-R) = 




0-000 


+ (/>c 


- lie) = 


— 


0-082 


— 


E,I, = 


+ 


0-003 


+ 


Jf,2, = 




0-018 


■047"'™ 


X /:/t = 
Sum = 


: 


0-092 




20-689 


T = 


D - 20-689"'"'. 
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Tlie value actually used was D — 20-67""", which comes from ueglect- 
iug the corrections for inclination of cut-off cylinders and rounding 
all computed corrections to the nearest hundredth of a millimetre. 

(10) Thermometer corrections. — The thermometers used in all deter- 
minations of tape lengths on the 100" comparator were Nos. 5598, 5599, 
and 5601 by Green, of New York. Their corrections were determined 
by Mr. O. H. Tittmaiiu, assistant in charge of the OfQce of Standard 
Weights and Measures of the Survey. 

Table III following gives the corrections essential to reduce the 
observed readings of these thermometers to the hydrogen scale as deter- 
mined by Assistant Tittmann on August 19, 1890. 

Table III. — Thermometer corrections August 19, 1890, 







Correction to— 




Temperature. 
















5598. 


5599- 


' 5601. 


2-6° C. 


— 0-20° C. 


— o-i9°C. 


— 0-2I° C. 


3-6 


•24 


■iS 


•16 


IO-2 


•19 


■19 


•16 


IS 


•18 


•18 


•18 


19-6 


•18 


■21 


■24 


25 


•17 


■17 


•17 


30 


••4 . 


•22 


■17 


34-9 


•19 


■14 


•29 



The readings of these thermometers when packed in melted ice on 
August 19, 1890, were + 0-25°, + 0-08o and 0-00°, respectively. Their 
freezing point readings were not again determined until January 21, 
1892, when they read + 0-15o, + 0-17o, and O-OQo respectively. 

To take account of these changes in the, freezing point readings it is 
assumed that they varied directly as the time during the interval which 
elapsed between the two determinations of August, 1890, and January, 
1892. This assumption gives for the zero point readings at the epoch 
of the tape comparisons, September, 1891, say, +0-17=, +0'15o, and 
0-00°, respectively ; and these are the values adopted. 

The changes which these readings entail in the corrections in Table 
III are found by adding +0-08° to the corrections for No. 5598, by 
adding —0-07° to the corrections for No. 5599, while the corrections for 
No. 5601 remain unchanged. 

Since the thermometers always had the same readings within a 
degree, it has been considered sufficient to apply the mean of their cor- 
rections to the moan of their readings in computing results from com- 
parions on the 100"" comparator. Accordingly, the mean corrections 
in Table IV following have been applied in deducing the temperatures 
of the tapes from the observations on the comparator. 
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Table IV. — Means of corrections to thermometers Septemher, 1891. 



Temperature 


2-6° 


3-6° 


10-2° 


15-0° 


19-6° 


25-0° 


30-0° 


34-9° 


Correction 


— 0-20 


—019 


—018 


—018 


— 0'20 


-0-17 


-017 


— 0-20 



The means of the six- thermometer readings were carried to hun- 
dredths in the computation, and the above corrections were then applied 
in getting the adopted tape temperatures, which ai« likewise carried 
to hundredths of a degree. This is to some extent a needless refine- 
ment, but its application cost little labor. 

(11) Adopted lengths of the comparator. — As explained in section 5, 
Chapter III, it is assumed that the comparator interval or length D 
changed during the period of two months which elapsed between the 
two groups of determinations of that interval. Fortunately, the largest 
groups of tape comparisons were nearly coincident in time with those 
of the comparator measures. For the small number of tape compari- 
sons made between August 30 and September 5, a length of the com- 
parator interval is derived on the assumption that it changed directly 

-as the time between the two epochs for which lengths are given in sec- 
tion 7, Chapter in. Hence the following values are adopted for the 
comparator interval D in terms of the iced bar jBi^ : 

mm. 
Aug. 1 to 8, 1891, D = 20B,7 + 39-52, 
Aug. 30 to Sept. 5, 1891, D = 2QB„ -f 39-44, 
Oct. 3 to 9, 1891, D = 20B„ + 39-37. 
' ^,7 = 5"'- 18-0". 

(12) Correction for index error of balances. — The spring balances used 
to give tension to the tapes were tested from time to time by the method 
explained in section 4, Chapter V. They were also tested frequently 
with known weights to see that they gave the tensions indicated.* 

The standard tension adopted was 2& pounds 9 ounces, which is the 
tension given by the balances when horizontal, when they are free from 
index error, and when they read 25 pounds even. By reason of some 
accidents to the balances their index errors changed to some extent 
during the season. They were always accurately observed, however, 
and the corrections applied are without sensible error. 

The correction for index error is of the same form as that for excess 
of tension explained in section 9 above. The adopted elongation of 
the tape per ounce was 0-047'°°'; and the corrections actually applied 
to the lengths of the tapes as computed by equation (1), section 9, are 
the following: 

Aug. 1 to Aug. 8, 1891, 0-00, 

Aug. 30 to Sept. 5, 1891, -0-16, 

Oct. 3 to Oct. 9, 1891, -f 0-16. 

' *See Chapter V, section 4, for details of observed index corrections. 
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(13) Observed data for lengths and rates of expansion of steel tapes Nos. 
.S.5 and 88. — Tables Y and VI following give the results of all observa- 
tions made on the 100" comparator to determine the equations of the 
steel lOO" tapes Nos. 85 and 88. The first column gives the date of 
observation, and the second the time when the observations were made. 
The.thii-d column gives the temperature of the tape corrected to the 
hydrogen scale as explained in section 10 above. The fourth column 
gives the length of the tape in terms of the comparator interval D as 
computed from equation (1), section 9. The fifth column gives the 
length of the tape in terms of the iced bar j15i„ in accordance with the 
relations given in section 11. The corrections to standard tension of 
25 pounds 9 ounces given in section 12 are also applied in deriving the 
values in this column. The last column gives the residuals which 
result from the equations of the tapes deduced in the following section. 

Table V. — Results of observations for length and rate of expansion of 

100"' steel tape Xo. 85. 









Observed length of 


Residual 






Observed tem- 


tar 


e. 


(computed 


Date. 


Time of day. 


perature of 
tape. 






minus 
observed 














20.S,j + 


value). 


l8ql. 






mm. 


fnm. 


mm. 


Aug. 6 


1 1 129 a. Til. 


29-02° C. 


4-01 


35-5' 


-|-o-12 




1:02 p. m. 


30'56 


1-83 


37-69 


— -34 




2:06 


30-07 


3-37 


36-15 


+ -63 




3:05 


29-88 


2-67 


36-85 


— -28 




4:02 


28-92 


438 


35-14 


+ -38 




5 too 


28-01 


4-94 


34-58 


— -06 




9:02 


19-58 


14-86 


24-66 


+ -63 




9:12 


18-44 


15-72 


23-80 


+ -25 


7 


7;02 a. m. 


20-96 


12-68 


26-84 


— -03 




8:02 


24-53 


8-68 


30-84 


— -13 




9:02 


26-73 


6-55 


32-97 


+ -IS 




10:02 


27-96 


4-95 


34-57 


— -II 




11:01 


29-26 • 


3-57 


35-95 


— -06 




11:48 


30-11 


1-98 


37-54 


— -70 




2:04 p. m. 


30-21 


2-24 


37-28 


— -35 




7:r6 


31-35 


1-05 


38-47 


— -29 




7:32 


21-51 


12-48 


27-04 


+ -37 




8:38 


20-15 


14-21 


25-31 


+ -60 


8 


7:28 a. m. 


24 -66 


9-0Q 


30-43 


+ -43 




•8:34 


27-06 


5-63 


33-89 


--41 




9:35 


29-14 


3-63 


35-89 


-22 




10:32 


30-34 


2-62 


36-90 


— -17 




11:31 


31-39 


I-I3 


3S-39 


— -17 




12:38 p. m. 


32-12 


0-29 


39-23 


— -21 




1:33 


.31-54 


0-80 


38-72 


— -33 




2--34 


30-3 = 


2-75 


3677 


+ -28 




7:41 


21-48 


12-42 


27-10 


+ -27 




8:34 


20-93 


12-96 


26-56 


+ -21 




9J34 


20-38 


13-32 


26-20 


- -03 
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- 




Observer 


length of 


Residual 






Observed tem- 


tape. 


(computed 


Date. 


Time of day. 


perature of 
tai^e. 






minus 
observed 












B— 


20 B,,+ 


value). 


1 891. 






mm. 


mm. 


mm. 


Sept. 5 


2:40 p. m. 


14-88 


1908 


20-20 


— -05 




3:24 


1470 


19-51 


19-77 


+ -'S 




5:04 


14-26 


19-91 


19-37 


+ -10 




7:3s 


13-88 


20-02 


19-26 


— -21 




9:08 


13-98 


20-16 


19-12 


+ -04 


Oct. 3 


10:40 a. m. 


26-73 


6-28 


33-25 


— -'3 




11:48 


27-24 


5-99 


33-54 


+ -14 




1:41 p. m. 


27-06 


6-iS 


33-38 


+ -10 


4 


4:54 P- m- 


13-85 


20-I2 


19-41 


— -39 




6:50 


12-67 


2 1 -60 


17-93 


— -20 




8:08 


12-32 


22-35 


17-18 


+ -17 




8:58 


11-70 


22-68 


16-85 


— -i8 




10:20 


11-38 


23-35 


i6-i8 


+ -14 


S 


5:00 a. m. 


7-20 


27-86 


11-66 


+ -07 




6:04 


6-66 


28-34 


11-19 


— -04 




6:54 


7-97 


26-89 


12-64 


— -05 




8:04 


10-24 


24-82 


1 47 1 


+ -36 




9:00 


11-80 


22-99 


16-54 


+ -24 




12:38 p. m. 


1513 


19-23 


20-30 


+ -12. ■ 




V°i 


7-07 


27-95 


11-58 


+ -02 




8:08 


6-72 


28-51 


11-02 


+ -20 




8:58 


6-38 


28-82 


10-71 


' + -13 




10:16 


5-04 


30-01 


952 


— -14 


6 


4:32 a. ra. 


3-51 


31-95 


7-58 


+ -12 




5:28 


3-47 


31-78 


7-75 


— -09 




6:28 


4-76 


30-52 


901 


+ -06 




7:56 


959 


25-30 


14-23 


+ -13 




8:54 


1 1 -95 


22-75 


16-78 


+ -16 


8 


7:54 a. m. 


8-62 


26-03 


13-50 


— -20 




8:48 


10-89 


2351 


16-02 


— -24 




9:52 


12-55 


21-57 


17-96. 


- -36 




10:46 


13-60 


20-97 


18-56 


+ -<9 




11:52 


'4-63 


19-55 


19-98 


— -11 




12:58 p. m. 


1 5 02 


19-29 


20-24 


+ -06 




2:06 


15-63 


18-76 


20-77 


-j- -20 




3:00 


14-67 


19-77 


19-76 


+ -16 




4:06 


13-87 


20-76 


18-77 


+ -27 




5:52 


9-45 


25-26 


14-27 


- -07 ' 




7:12 


7-38 


27-70 


11-83 


+ -It 




Ii:l6 


7-25 


27-49 


12-04 


— -24 




11:58 


7-70 - 


27-05 


12-48 


- -19 


9 


2:04 a. m. 


S-31 


29-73 


9-80 


— -13 




3:04 


5 -49 


29-48 


10-05 


— -18 




4:08 


5-49 


29-56 


9-97 


— -10 




5:06 


4-19 


3°-77 


8-76 


— -29 




6:10 


4-47 


30-58 


8-95 


— -20 


' 


6:56 


6-68 


28-15 


11-38 


— -21 




8:00 


9-33 


25-31. 


14-22 


— -15 
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Table' VI. — Results of ohservations for length and rate of expansion of 
100^ steel tape No. 88. 



♦ 






Observed length of 


Residual 






Observed tem- 


tape. 


(computed 


Date. 


Timo of day. 


perature of 
tape. 




minus 

observed 

value). 


Z> — 


2o5i7-t- 


1891. 






mm. 


mm. 


mm. 


Aug. I 


10:14 a. m. 


27-46° C. 


3-66 


35-86 


+0-42 




1:52 p. m. 


29-28 


0-86 


38-66 


— -40 




2:50 


24-96 


6-58 


32-94 


+ -61 




3:32 


24-61 


6,-04 


33-48 


— -31 




4:10 


22-86 


8-17 


31-35 


— -09 




4:56 


23-34 


7-11 


32-41 


--63 




5:56 


23-97 


7-63 


3 '-89 


+ -58 




7:25 


20-46 


"•35 


28-17 


-f -46 


3 


7:52 a. m. 


14-99 


16-79 


22-73 


— -06 




8:29 


14-46 


17-69 


21-83 


.+ •26 




9:59 


14-30 


16-95 


22-57 


-•65 




11:05 


14-70 


17-56 


21-96 


+ -39 




1:32 p. m. 


16-45 


15-35 


24-17 


+ -09 




2:08 


16-95 


14-73 


24-79- 


+ -02 


4 


8:22 a. m. 


20-84 


10-40 


29-12 


— -07 




9:02 


21-66 


9-70 


29-82 


+ -13 




10:02 


23-24 


7-93 


31-59 


+ -08 




10:56 


24-14 


6-6i 


32-91 


— -26 




12:02 p. m. 


24-01 


6-65 


32-87 


•— -37 




1:02 


25-01 


5-92 


33-60 


+ -oo 




4:46 


24-77 


6-49 


33-03 . 


+ -31 




9:04 


17-72 


14-36 


25-16 


+ -49 


s 


7:15 a. m. 


21-71 


9-57 


129-95 


-+0-5 




8:32 


24-29 


7-02 


32-50 


■+ -32 




9:32 


2528 


6-05 


33-47 


+ -43 




10:32 


25-71 


S-69 


33-83 


+ -54 




11:32 


28-01 


2-44 


37-08 


+ -21 




1:32 p.m. 


28-01 


2-53 


36-99 


+ -12 




2:32 


28-27 


2-49 


37-03 


+ -13 




' 3:32 


27-89 


2-92 


36-60 


+ -15 




4:30 


26-31 


4-78 


34-74 


+ -28 




S--32 


26-27 


4-64 


34-88 


+ -lO 




8:56 


17-67 


14-46 


2506 


+ -54 


30 


6:46 p. ni. 


16-41 


15-35 


23-93 


+ -29 




8:14 


14-26 


17-79 


21-49 


+ -39 




9:30 


13-15 


18-63 


20-65 


+ -01 


Sept. S 


I2:o8 p. ra. 


H-55 


16-70 


22-58 


— "39 




i:l6 


15-10 


15-92 


23-36 


— -57 




1:42 


15-78 


15-19 


24-09 


--56 




2:24 


15-28 


15-79 


23-49 


— -50 




3H5 


14-28 


17-32 


21-96 


— -06 




4:54 


14-26.^ 


17-26 


22-02 


— -IS 


Oct. 3 


10:55 "■ m. 


27-08 


3-22 


36-31 


— -46 




11:39 


26-99 


3-09 


36-44 


- -67 




1:49 p. m. 


26-93 


3-09 


36-44 


— -74 


4 


4:44 p. m. 


13-83 


17-59 


21-94 


— '54 




7:02 


12-60 


19-37 


20-l6 


— -lO 




8:01 


12-30- 


•9-55 


19-98 


— -25 




9:10 


"-53 


20-61 


18-92 


— -03 




10:10 


11-50 


20-67 


18-86 


— -lo 
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Determination of equations of tapes. 
Table VI. — Results of observations for lengthy etc. — Oontiuited. 









Observed length of 


Residual 






Observed tem- 


tape. 


(computed ' 


Date. 


Time of day. 


perature of 
tape. 




minus 
observed 












£1 — 


20Sl,4- 


value). 


tSgi. 






mm. 


mm. 


mm. 


Oct. 5 


S:I2 a. m. 


7-03 


25-38 


14-15 


— -18 




5:56 


6-46 


25-87 


13-66 


— -30 




7:00 


8-25 


24-16 


15-37 


— -06 




7:56 


9-97 


22-63 


16-90 


■ -4- -29 




9:04 


1 170 


20-68 


18-85 


+ -23 




12:30 p. m. 


IS-.3S 


16-48 


23-05 


. + -01 




7:12 


7-02 


25-82 


13-71 


+ -25 




8:02 


6-42 


26-26 


13-27 


+ -OS 




9:08 ■ 


6-54 


26-11 


13-42 


+ -03 




10:04 


5-12 


27-50 


1203 


— -13 


6 


4:42 a. m. 


4-39 


28-33 


11-20 


— -10 




5:22 


3-46 


29-40 


10-13 


— -04 




6:34 


4-66 


28-24 


11-29 


+ -" 




7:48 


8-82 


23-4I 


16-12 


— -18 




9:02 


1270 


19-52 


20-01 


+ -16 


8 


7:50 a. m. 


8-is 


23-96 


1,5-57 


--36 




8:54 


II-20 


20-96 


18-57 


— -04 




9:48 


I2I4 


20-09 


19-44 


+ •16 




10:52 


13-85 


18-29 


21-24 


+ -19 




11:46 


14-05 


18-43 


2I-IO 


+ -54 




1:04 p. m. 


15-25 


16.72 


22-81 


+ -14 




2:00 


1612 


15-98 


23-55 


+ -35 




3:06 


14-62 


17-32 


22-21 


+ -06 




4:02 


1422 


I.7-80 


21-73 


+ -10 




5^58 


9-23 


23-45 


■16-08 


-f -20 




7:06 


7-57 


25-09 


14-44 


+ -13 




II:o6 


7-35 


24-86 


14-67 


— -34 


9 


12:08 a. m. 


7-52 


24-82 


14-71 


— -19 




1:56 


5-39 


26-96 


12-57 


--38 




3:10 


5-29 


27-49 


12-04 


+ -04 




4:04 


5-67 


26-97 


12-56 


— -06 




5:12 


4-21 


2S-67 


IO-86 


+ -04 




6:04 


4-1 1 


28-69 


10-84 


— -04 




7:02 


7-07 


25-28 


14-25 


— -22 




7:56 


9-10 


22-82 


16-71 


— -47 



(14) Derivation of equations of tables. — Let i denote tlie observed tem- 
perature of the tape at any time, and x the excess of the tape's length 
over 20 B„ at the same time. Let x„ denote the corresponding excess in 
length at any assumed temperature to. Then if we call the rate of 
expansion of the tape y, and denote the most probable corrections to 
X and t by .dx, and .dt, respectively, each pair of observed values in 
Tables V and VI will give an equation of condition of the form 

Xo + y(t + /lt — to) — x — /lx = 0. (2) 

If now we denote the weights of x and thj p and q, respectively, 

the method of least squares requires that, subject to the conditions (2), 

[p{AxY] + [q{^tY] = a mimmnm. (3) 

The solution of the problem i^resented by equations (2) and (3) is 
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not difficult, especially wlieu tlie ratio of the weights j) and gis con- 
stant. The' method usually followed iu treating this problem is based 
on the assumption that q= (x, or that the temperature observations are 
not subject to error. In the present application, it seems more fitting 
to make the other extreme assumption, viz, that j) = co, since the tem- 
perature errors surpass by far the resultant effect of all other errors. 
Both these extreme assumptions were made in the computations as 
actually carried out, and it may be said that the. resulting values of x^ 
and y do not differ appreciably, so that for practical purposes one 
method is as good as another. Hence we shall adopt the usual method, 
which converts (2) into an observation equation of the form 

ooo + y {t — to) — X = ^x, -with weight p. • (4) 

Since to is arbitrary, we may conveniently give it the value 

to-j^, (5) 

since this facilitates the solution of the normal equations and the com- 
putation of the probable error of the tape length at any temperature. 
Thus, with this value of to, we have 

^ -IM „ [p{ t-t,){X-Xo)] g, 

^o- [py y- [p{t-t„f] ' ^"^ 

The observations in Tables V and VI would give equations of equal 
weight, but instead of treating these equations separately they have 
been grouped into means with respect to temperature limits in order to 
learn what extent the errors of observation are compensating. The 
resulting values of Xo and y are, however, the same as would come from 
considering the several equations separately. 

Table VII following gives the values in detail which result from the 
processes of grouping just mentioned as applied to the data for Tape 
No. 85. The first column gives the limits of the temperatures included 
in any group. The second column gives the Jiumber of observed tem- 
peratures or lengths in the group, or the weighty of the meaa tem- 
perature or mean length for the group. The third column gives the 
mean temperature * and the fourth the mean length excess x for the 
group. The last column gives the residual which results from the sub- 
stitution of the computed values aso, y and- the group means t and x in 
equation (4). 

Table VIII gives the corresponding data for Tape ISo. 88. 



REPORT FOR 1892 — PART II. 

Determination of equations of tapes. 

Table VII. — Summary of data for equation of tape No. 85. 
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Residual A x. 


Temperature 
range. 


Weight /. 


Mean value 
of t. 


Mean value 
o£.r. 


(ComDuted 

minus observed 

value.) 


o o 







mm. 


mm. 


3° to 35 


11 


3072 


37-64 


— 0-150 


25 30 


II 


27-92 


34-42 


+ -004 


20 2S 


8 


21-82 


27-54 


+ -207 


IS 20 


6 


16-44 


21-66 


+ -197 


10 IS 


18 


1294 


18-01 


+ -016 


S 10 


18 


7-. 8 


11-78- 


— -059 


s 


5 


4-08 


8-41 


-■ -083 




\. 









Table VIII. — Summary' of data for equation of tape No. 88. 











Residual A jr. 


Temperature 
range. 


Weight /. 


Mean value 
of Z. 


Mean value 
of X. 


(Computed 

minus observed 

value.) 







□ 


mm. 


mm. 


25 to 30 


15 


26-89 


35-66 


— 0-004 


20 25 


13 


23-07 


31-47 


+ -017 


15 20 


12 


i6-og 


. 23-85 


+ -0'9 


10 IS 


22 


13-14 


20-68 


— -030 


5 10 


18 


7-22 


14-18 


+ -009 


5 


5 


4-19 


io-«6 


+ -022 



Froili the data in Tables 711 and VIII we find by means of equations 
(5) and (6) 



*, = 16-89' c; 

iCo = + 22-35""", with weight 77, 

y = 1-0947™"', with weight 6436, 



to 



15-72^ C 



7mm ,^yjt;jj -weight 85, 



a;„ = + 23-47^ , 

y = 1-0914'""', with weight 4687, 



Tape No. 85. 



Tape No. 88. 



These values substituted in equation (4) give, in connection with the 
mean values of t and a;, the residuals shown in the last column of Tables 
VII and VIII. Likewise, these values of t„, Xo, and y, when substituted 
in equation (4), give in connection with the individual values of t and x 
the residuals of the individual determinations of length shown in the 
last column of Tables V and VI. 
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The salient features of the latter residuals are shown in the following 
statement : 





T:pe 8s. 


Tape 88. 


Number positive residuals == 
Number negative residuals = 
Average residual = 
Maximum residual = 
Sum of squares of residuals =^ 


36 
41 

070"""' 

4-82 


45 
40 

t74"™ 
8-62 



From the sums of the squares of the residuals just given, it follows 
that the probable error of a single determination of length of these 
tapes on the 100™ comparator is 

mm. 
± 0-17 for tape No. 85, 
± 0-22 for tape No. 88. 

Applying the weights oi Xo and y, given above, there result 





-Tape 85. 


Tape 88. 


Probable error jtq = 
4 


mm. 

J-0-020 
-J-0-002I 


mm. 
-I-0024 
±0-0032 



If, now, we denote the lengths of tapes No. 85 and No. 88 by Tss and 
Taa, respectively, the preceding data enable us to write the following 
equations : 

^85 = 20^17 + 22-35''™ ± 0-020"'"' 

+ (1-0947™"' ± 0-0021"'"') {t — 16-89° G.) 

Ts8 = 20.B,, + 23-47""" ± 0-024"'"' 

+ (1-0914""™ ± 0-0032"'"') {t — 15-72° C.) ^^ 



(7) 



(15) Discussion of results. — An examination of the residuals in Tables 
V and VI shows that, on the whole, the observed lengths are well repre- 
sented by equation (4). Thus, the whole number of the residuals in the 
two tables is 162, and of these, as just shown above, 81 are positive and 
81 negative, while the probable error of a single determination of length 
is ± 0-17'"-" for tape 85 and ± 0-22""" for tape. 88. Taking the average 
of thiBse two probable errors, or ± 0-20"'"', as representative of the whole 
group of residuals, we may say that the probable error of a single deter- 
mination of the lengths of these tapes was 1/500 000th part of their 
length. The maximum residual is 0-74'"'", which is less than four times 
its probable error. Taking the values ± 0-17'""' and i 0-22™™ for the 
probable errors in the two cases as a basis for computation, and then 
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combining the two groups of residuals into a single group, the follow- 
ing comparison of the actual with the theoretical distribution of the 
residuals results: 



Between limits. 


Actual number 
of residuals. 


Theoretical 
^ number. 


mpi. mfn, 
o-o and o-2 
0'2 0-4 
0-4 ' 0-6 
0-6 o& 


85 

51 

17 

9 


84 

52 

21 

5 



The agreement thus shown between the actual and theoretical distri- 
bution of the residuals is, in general, quite close. As is usual in such 
comparisons, the departure from theory is greatest in the case of the 
large errors. 

On the whole, therefore, it appears that the errors to which these 
determinations of tape lengths were subject are of the compensating 
class. A confirmation of this view is afforded by the residuals of 
the group mean values shown in Tables VII and VIII. If the errors 
to which the individual determinations are subject were not of the 
compensating class we should expect large residuals to result from 
those group means. The residuals are largest in the case of the results 
for tape 85; but they reach only 0-2"™ a-t the maximum, and this for 
group means having relatively small weight. The degree of compen- 
sation was manifestly best for the comparisons of tape 88, since the 
maximum group residual shown in Table VIII is only 0-03'"™, while the 
individual residuals for the comparisons of tape 88 were, on the avera|;e, 
somewhat greater than those of tape 85. The average of the residuals 
in Tables VII and VIII, regardless of weights, is O-OG™". This 'is 
equivalent to an error of 0-06° O. in temperature of the tape and to 
3/5000 OOOths of a tape length. 

- Notwithstanding the compensating character of the errors in ques- 
tion when taken as a whole, a careful examination of the residuals in 
Tables V and VI indicates that the detprminations were subject more 
or less ta some systematic errors. These seem to be chiefly of two 
kinds, namely : First, errors due to lag of the tape temperature rela- 
tively to that of the thermometers; and second, that due probably to 
peculiarities of radiation which produced at times somewhat persistent 
differences in temperature between the tape and thermometers. The 
lag effect is best shown, perhaps, in the observations of October 8 and 
9, 1891, which were continuous for twenty-four hours except for an 
interval of four hours on October 8, when the apparatus was used in 
measuring a section of Helton Base. The amount of this lagging 
may haj^ been as much as 0-2° 0., though it is entangled with other 
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errors to such an extent that one Cannot draw a definite conclusion from 
the residuals of the tables. Examples of what I have provisionally called 
the "radiation effect" are afforded by the observations of Septembers, 
October 3, and October 4, in the comparisons of tape 88. For these dates 
the residuals are all relatively large and of one sign. On the same dates, 
however, no such persistence in sign is shown by the residuals of tape 
85 which was alongside and within two centimetres of tape 88 on the 
comparator. It seems impossible that there could have been such a 
difference in temijerature of the tapes thus situated as would appear 
from the residuals just cited; but similar persistent differences between 
the tape and thermometer temperatures appeared at times in the 
measures of Holton Base, on cloudy days, especially, and there seems 
to be little doubt of their reality. (See section 8, Chapter y.) The 
only reason I am able to assign for the difference in behavior of the 
two tapes when lying alongside of one another on the comparator on 
the dates referred to, is that the lower surface of tape No. 88 had 
become somewhat polished, presenting a bright, rather than a dull 
black surface, from much use in preparing the standard kilometre and 
other sections of Holton Base. Otherwise the tapes were in all respects 
alike, having been cut from the same coil. 

This radiation effect, or whatever it may be, was observed to be 
present in a somewhat greater degree in some experiments on the 
behavior of the tapes made in the open air and in sunshine on a portion 
of St. Albans Base in 1892. Since these experiments will be referred 
to in section 26, Chapter v, I may dismiss the question here with the 
remark that it is the only anomaly presented by the tapes in my expe- 
rience, and that it is probably the only serious obstacle in the way of 
making the long tape a standard whose equation can be determined 
with a precision little short of that attained with laboratory standards. 

{16) Probable errors of tape lengths. — The probable errors of the mean 
lengths of the tapes given in equations (7) and (8), section 14, are due 
to the errors of comparison only. The total probable errors of those 
mean lengths, when expressed in metres, depend, first, on the errors of 
comparison just mentioned ; second, on the error in length of the com- 
parator as measured with the iced bar B^ ; third, on the error in length 
of B„ when expressed in terms of the International Metre, and fourth, 
on the thermometer errors with respect to the hydrogen scale. 

For the probable error due to the first source of error we may adopt 
the mean of those given in equations (7) and (8) above, namely, ±0*022""". 
This amounts to 1/4 550 000th part of a tape length. 

The resultant probable error due to the second and third sources of 
error is given in section 7, Chapter iii. It is ± 0-033'"", or 1/3 000 000th 
I)art of a tape or comparator length. 

An idea of the uncertainty remaining in the mean of the corrected 
readings of the three thermometers used may be formed by an inspec- 
tion of the data for the thermometer corrections given in seiJtiou 10 
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above. It is estimated that the probable error due to this source can 
not exceed =t 0-02° 0. This is equivalent to ± 0-020"'°' or 1/5 000 000th 
part of a tape length. 

Taking the square root of the sum of the squares of these independent 
probable errors, there results ± 0-044""" for the total probable error of 
the length of either tape when expressed in terms of the International 
Metre, and when its temperature is the mean of those observed during 
the comparisons. This probable error is equivalent to 1/2 270 000th 
part of the tape length. 

The probable errors of the rates of expansion of the tapes given in 
equations (7) and (8) are ± 0-0021""" and ± 0-0032"'"', and for the sake 
of uniformity we may adopt the mean of these, or ± 0-0026°^"", as a 
working value for either tape. 

With these values of the probable error of a tape length at its mean 
temperature and the probable error of the rate of expansion, it follows 
that the probable error of a tape length at any temperature t is given 
by the expression 

± I (0-044"'")=' + (0-0026"'"')2 {t-toY I *, (9) 

wherein <„ = 16-89" C. for tape 85, 
= 15-72 for tape 88. 

The values given by expression (9) for such extreme temperatures as 
0° and 30° C. are ± 0-062""" and ± 0-055'°"', respectively, for tape No 85, 
and ± 0-060'°"' and ± 0-058""", respectively, for tape No. 88. The 
square root of the average of the squares of the errors given by (9) 
between 0° and 30", supposing all temi)eratures within these limits of 
equal frequency, is ± 0-050""". Hence it is concluded that for such 
temperatures as are likely to be had in the use of these tapes, the 
probable errors of their absolute lengths will not on the average exceed 
± 0-05""", or 1/2 000 000th part of their length. 

(17) Practical form of equations of tapes. — For the purposes of com- 
putation it is most convenient to combine the products of the mean 
temperatures by the rates of expansion in equations (7) and (8), of 
section 14, with the mean excesses over 205,7. Thus, making this com- 
bination, omitting the probable errors, and adding the numerical value 
of ^17 as given in Chapter ii, section 23, we have 

mm. mm. 

Tss = 20 B„ + 3-86 + 1-0947*, 
1*88 = 20 Bi7 + 6-31 + 1-0914*, 
B„ = 5'° - 18-0", 
Standard tension = 25 pounds 9 ounces. 

In these, t is expressed in degrees of the centigrade scale, and B^, is 
S. Ex. 37—28 
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tlie length of the steel 5" bar No. 17 when in melting ice. Introducing 
the value of -Bi, there result, finally, for the equations of these tapes 

m. mm. mm, 

Tsi = 100 + 3-50 + l-OMlt, ■ 
TsB = 100 + 5-95 + 1-09! 4<, 
Standard tension = 25 pounds 9 ounces. 
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chapter v. 

Measurement op Holton and St. Albans Bases with the 

Tape Appabattjs. 

a. — holton base mbasttrement. 

(1) Location of base and preparation for measurement. — Holton Base 
is a line in the Transcontinental Chain of Triangulation along or near 
the thirty-ninth parallel of latitude. It is situated near the village of 
Holton, Eipley County, Ind. It is about 5 500"^ long, and extends in 
a nearly north and south direction across what is known as the Craw- 
fish Flats. As will be inferred from this designation, the ground along 
the line is generally level, although a few rather abrupt changes in 
altitude are met in crossing the drainage courses. 

This base was located in 1890 by Assistant Mosman, who made a 
preliminary measure of its length with a 50™ tape the same year. Early 
in the following summer Assistant Mosman set the terminal and section 
stones of the base and provided all materials requisite to the measures 
made with the 100™ tapes. 

During August, 1891, the marking and support stakes for the meas- 
ures with the long tapes, were set under the supervision of the writer. 
The support stakes were set at equidistant intervals of 10" throughout 
the length of the line, except on the standard kilometre section, where 
the microscope posts for the iced-bar apparatus rendered such stakes 
unnecessary. The tapes were supported on steel wire nails driven to 
the depth of 2'5'="' into the stakes. Since these naUs projected horizon- 
tally from the stakes for a distance of about 12°'", no great precision 
was essential in placing the support stakes along the line. The mark- 
ing stakes, which fell 100"" apart, were aligned with considerable pre- 
cision, and the support nails were placed at closely equal intervals of 
10" by the method explained in section 5, Chapter iv. 

{3) Measurements of the sections of the base. —Since the tape apparatus 
used was new and untried, except in the experiments of the Botanical 
Garden and in the comparisons on the 100™ comparator, it was essen- 
tial to a considerable extent to develop the methods of operation suit- 
able to field measurement as the work progressed. At the same time 
that this work was under way, the work of tape comparisons, and the 
preparation for and measurement of the standard kilometre with the 
iced-bar apparatus, were also in progress; while the employes of the 
party were often needed for other work conducted by Assistants Mos- 
man and Tittmann. Hence no attempt was made to measure the whole 
base on any one datej but the various sections were measured from 
time to time as opportunities occurred. The earliest measures were 
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made on the section 5 000" to 5 500" during the last days of August, 
1891, and the work continued at intervals until October 8, 1891. The 
several sections were measured from six to thirty times each, the 
largest number of measures being made on the kilometre section, whose 
precise length was designed to give a thorough test of the effectiveness 
of tape apparatus. 

Most of the measures of the sections were made at night, but a con- 
siderable number also were made during cloudy or partly cloudy days. 
Some of the latter were made under circumstances of wind, rain, and 
sunshine, which would now be considered quite unfavorable ; but since 
it was desired to learn as much as practicable in the allotted time con- 
cerning the behavior of the tapes, a wide variety of circumstances was 
purposely encountered. 

In general, the measures were made by laying each tape length once 
as the work proceeded along a section. In a few cases, however, the 
experiment was tried of laying each tape length from two to five times 
and reading the thermometers as many times; and in order to make 
these measures independent, the rear end of the tape at starting was 
placed successively in coincidence with marks a centimetre apart. This 
experiment served to give an idea of the error in laying or placing a 
tape length. 

In all these measures but two thermometers were used, and these 
were read but once for each tape length. When a sufficient number of 
operatives were available the thermometers were carried and read by 
observers who did naught else but assist in carrying the tape. At 
other times the thermometers were carried and read by the observers 
who fl-xed the ends of the tape. In the former case, the thermometers 
were held at arm's length by light strings so that the bulbs were near 
to and at about the same height from the ground as the tape; while in 
the latter case the thermometers were suspended fiom a nail or brad- 
awl attached to a support stake so as to fall in about the same relative 
position with respect to the tape as before. In both cases, the ther- 
mometers were placed at 20" from the tape ends. The same thermome- 
ters used in the determinations of length of the tapes on the 100" com- 
parator were used also in the field measures, and the thermometer 
corrections given in section 10, Chapter iv, were applied in computing 
the tape temperatures for these measures. 

In all measures of the sections of Holton Base, Mr. J. 8. Siebert was 
the observer at the rear end of the tape and R. S. Woodward at the 
front end. During the earlier measures the temperatures were observed ' 
for the most part by Messrs. O. H. Tittmann and J. F. Hayford, The 
records were kept by Messrs. Hayford and Eobert Penington. 

(3) Determination of grade corrections. — The differences in height of 
the marking stakes or tables, essential to the computation of grade 
corrections, were measured in duplicate by Messrs. J. S. Siebert, Th. 
Gjertsen, and J. F. Hayford. 
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The method of computing grade corrections from such data is very 
simple and easy. Thiis, let h be the difference in altitude of two con- 
secutive marking tables, or what is essentially the same thing, the 
difference in altitude of the two ends of the tape when placed in meas- 
urement over these tables. Let s be the length of the tape or right 
line distance between its terminal graduations when in place over 
these tables. Then if we call c the grade correction, or the quantity 
which must be added to s to give its horizontal projection, 



whence 



C-\-S = yjs^ — ft*. 



0= — 1 



Since s is in general large in comparison with A, this series for c con- 
verges very rapidly. For a 100" tape 

^<0.oin"nfor ft<2-9"'. 

Values of fe as great as 3"" are rarely met. Hence for such length of 
tape, in nearly all cases, 

c in millimetres = 5 (ft in metres)*. 

The grade corrections for the sections of Holton Base were computed 
in the field by J. S. Siebert and E. S. Woodward, and revised subse- 
quently, in 1892, by M. V. Safford and Woodward. Table I following 
gives the grade corrections for the several sections of the base. The 
zero end of the line is here taken as coincident with its southern ex- 
tremity, or South Base. The section 3900™ to 4900" is the standard 
kilometre measured with the iced bar apparatus. 



Table I. — Qraie eorrections for 


sections 0/ 


Holton Base. 


Section. 

0"-I200'". 


Section 

I2OO'»-2IO0". 


Section 

2I0O'"-30OO". 


Section 
3ooo»-39oo'". 


Section 
39oo'°-49oo". 


Section 
4Qoo"-500o'»'. 


Section . 
so.o^-ssoo". 


mm. 
—25,02 


ffim. 
— 1-64 


mm. 
—5-92 


mm. 
-49-83 


mm. 
— S-39 


mm. 
—0-84 


mm. 
-872 



(4) Correction for index error of balances. — If the spring balance used 
to give tension to the tape is adjusted to give correct tensions when 
in a vertical position, it will indicate (by its face readings) less than the 
actual tension when in a horizontal position. Such balances are liable 
also from wear and other causes to have an appreciable index correction. 

To determine the actual tension in any case with such balances, let 
r be the index correction. It is the reading of the index.when the bal- 
ance is vertical, hook end down, and without load on the hook; it is 
minus when the index reads greater than zero and plus when it reads 
Let B be the reading of the index when the balance is suspended 
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by its hook, hook end up. Let W be the total weight of the balance 
found by weighing it on another balance. Then if T] denote the 
observed or face reading of the balance when horizontal and T denote 
the corresponding actual tension — 

T = Ti + »• + J ( Tf- -B -»•) 
= Ti + ^{W-B + r). 

The standard tension adopted in all the base-line measures, as well 
as in all the determinations of the tape lengths on the 100" comparator, 
is 25 pounds 9 ounces, this being the value of T when the balances are 
horizontal, when they are free from index error, and when they read 
26 pounds even. "We are concerned here, then, only with the excess of 
the actual over the observed or nominal tension in any case; but in 
order to show the data for these excesses, which apply to the tape com- 
parisons as well as to the measures of the sections of the base, we give 
the observed values of T^, B, and r and the resulting values of 
J ( W— i2 + r) for both balances in full in Tables II and III following. 
The last column of these tables gives, also, the corresponding correc- 
tions to the standard length of the tape. These corrections are found 
by multiplying the excess of ^{W — R + r) over 9 ounces by O-Oi?""™, 
the observed elongation of the tape per ounce excess in tension when 
the actual tension is near to the standard value, 25 pounds 9 ounces. 
Later determinations of this constant indicate that it should be 
increased to about 0-050"" per ounce, but the value given above was 
used in the actual computation. (See section 5, Supi)leuient B.) 

It should be observed that the value + 0-16™™ was used in the com- 
putations for the correction to the tape length wben under tension of 
balance No. 52 for the dates August 6 to September 18, 1891, and the 
mean value + 0-44""" for the dates September 25 to October 3. In 
addition, it may be remarked that the variations in the values of W 
and B were due partly to the occasional removal of the extra hooks 
from the balances, while the large change in r in the case of B'o. 52 was 
the result of an accident to that balance. It was used but little after 
this accident, although the computed correction due to it in this case 
could have given rise to no appreciable error. 

Table II. — Data for tensions by spring balance N'o. 52. 



Date. 


w 


R 


r 


HTv-R+r) 


Resulting 
correction to 
tape lengtli. 


1891. 


Ounces. 


Ounces. 


Ounces. 


Ounces. 


Millimetres. 


Aug. 6 


50-0 


32-0 


00 


+ 9-0 


-|-o-oo 


30 


49-5 


28-0 


+3-5 


12-5 


+ -16 


Sent. 3 


44-S 


23-S 


+3-2 


I2-I 


+ -"s 


18 


45-0 


23-5 


+3-2 


12-4 


+ •16 


25 


44-2 


I7» 


-f9-8 


i8-s 


+ -45 


Oct. 3 


49-0 


22-2 


-f9-5 


181 


+ -43 
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Resulting 


Date. 


IV 


R 


r 


i(»'-^+') 


correction to 
tape lengtil. 


1891. 


Ounces. 


Ounces. 


Ounces. 


Ounces. 


Millinieires. 


Aug. 6 


500 


3S-5 


—3-5 


+5-5 


— 01 6 


30 


49-5 


3S'2 


-30 


5-6- 


— -16 


Sept. 25 


49-2 


35-0 


— 3-0 


51 


— 16 


Oct. 3 


44-5 


30-2 


_3-2 


5-6 


— -16 


8 


448 


30-2 


—3-5 


5-6 


— -16 



(5) Specimen of record and computation. — A form of record suitable 
for tape measures will readily suggest itself to the reader; but for the 
sake of completeuess, and in order to present data for the computa- 
tion of the measured value of a section, a specimen of the records 
actually made in the Holton Base work is given below in Table'IV: 

Table TV.— Specimen of Record. Holton Base, September 8, 1891. 

[Measure of standard Iiilometre.] 



No. of 
tape 
length. 


Time of 
day. 


Tliermometer readings — 


Remarks. 


No. 5601. 


No. 5599. 


Mean t. 


I 
2 

3 
4 
S 
6 

7 
8 

9 
10 


6-37 
■42 

•46 
■50 

•S3 
■56 

•59 

7 -OS 

■09 

•12 


13-4 
13-6 
13-3 
13-0 

12-8 
12-4 
12-4 
12-6 

II-8 

I2-I 


°c. 
130 
13-3 
13-5 
13-2 

13-2 
12-3 
12-6 
12-7 
12-3 
I2-S 


°C. 
13-20 

13-45 
13-40 
13-10 
13-00 
12-35 
12-50 
12-65 
12-05 
12-30 


Steel tape No. 88. Tension 25 pounds 

by balance No. 52. 
Index correction 4-3-2 ounces. 

Measure begins at south end of kilo- 
metre. 

Cloudiness o-o. 

Set back loo-o™"" at rear end of No. 3. 

Set back 80-2""™ at rear end of No. 8. 

North epd of loth tape length was 
10-6™"" north of terminal mark._ 



The computation of the leng-tli of the standard kilometre from the 
data, given in the above table raay be made as follows: 

The actual or working length of the tape T, say, may be most con- 
veniently expressed in the form 

T = A-\-a+at, 
wherein A is the nominal length of the tape, a round number of 
metres or lengths of some standard; a is a small excess over that 
round number; a is the rate of expansion of the tape, and t is the 
tape's temperature in degrees centigrade. Then the sum of JT such 
lengths, t being supposed to vary from one length to another, will be 

2T = WA + N'a+ oc2t. 
To this sum must be applied the sum of the set-ups, the sum of the 
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end corrections, and the grade correction for the whole section of N'- 
tape lengths. 

Thus, to illustrate by means of the data in Table IV above, we have, 
first, from section 17 of Chapter IV, for the length of tape No. 88, 

Tsa = 20B„ + 6-31""» + 1-0914">"' t 

for the standard tension of 25 pounds 9 ounces. The tension in this 
case was 3-2 ounces in excess of the standard value, and hence the 
tape was, as explained in section 4 above, 0-16°"" longer than the 
standard length just given. We have, therefore, 

A = 20B„, 

a = + 6-31°"" + O-IG"" = + 6-47°"°, 

a = I-OgU"", 

JV = 10. 

Likewise, from Table IV, the sum of the observed temperatures is 
128-00°, and the sum of the corrections to this for errors of the ther- 
mometers used is — 2-12°, as found from the table of thermometer cor- 
rections given in section 10, Chapter IV; so that there results 

:St = 125-88". 

The several terms of the computation are, then, the following: 

yA = 200B„, 

JUTa = + 64-70""", 

a2t = -f 137-39, 

Sum of set-ups = -180-20, 

Sum of end corrections = — 10-60, 

Grade correction = — 5-39, 



Eesulting length = 200jB,„ + 5-90. 

In this particular case a correction of — 0-4""" is to be added to the 
resulting length in order to refer it to the kilometre as measured with 
the iced-bar apparatus, the reference marks for the tape measures hav- 
ing been to that extent eccentric with respect to the terminal cut-off 
spheres. 

The computations of the lengths of the sections of Holton Base were 
made in the field in 1891 by Messrs. Siebert, Hayford, and Woodward. 
They were revised in 1892 by Messrs. Safford and Woodward. 

(6) Results of -the measures of the sections of Holton Base. — Table V 
following gives all of the results obtained from the various measures 
of the several sections of Holton Base. The first column of the table 
gives the date of the measure; the second, the time of day when the 
measure was made; the third, the number of the tape used; the fourth 
the direction in which the measure proceeded ; the fifth, the mean tem- 
perature of the tape for the measure; the sixth, the temneratnre 
range for the measure, or the difference between the highest and 
lowest observed temperatures; the seventh indicates by the letters 
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F, E, V whether the temperature was falling, rising, or variable during 
the course of the measure; the eighth gives the degree of cloudiness, 
estiinated on a scale of tenths; and the ninth column gives the length 
of the section, computed in the manner explained above, in terms of 
the iced bar B„, the excess over a round number of tape or bar lengths 
having been measured with a millimetre scale. Eesults for length 
obtained from measures made before sundown are inclosed in square 
brackets. 

Table V. — Results of measures of Molton base. 

fSection south base to r,2oo™ stone, 240 B^.} 

















Tempera- 












rfo. 




Mean 
tempera- 
ture. 


Tem- 


ture fall- 






Date.. 


Time of day. 


of 
tape 


Direction of 
measure. 


pera- 
ture 


.ing, F: 
rismg, R; 


Cloud- 
iness. 


Lengtlx of 
section. 








used. 




range. 


vari- 










^ 










able, v. 






1891. 


















mm. 


Sept. 


I 


S--55- ^■■39 P- m- 


88 


S. to N. 


1777 


4-1 


F 


0-0 


+ 41-3 




4 


8:04- 8:44 a. m. 


88 


N. S. 


13-90 


09 


F 


I-O 


[32-1 




4 


8:52- 9:46 


88 


S. N. 


iS'44 


. 4-9 


R 


I-o 


[18-1] 




16 


7:03- 7:56 p. m. 


88 


N. S. 


19-20 


1-4 


F 


o-o 


31-4 




16 


8:12- 8:59 


88 


S. N. 


18-25 


1-2 


F 


0-0 


38-S 




16 


9:20-10:07 


88 


N. S. 


18-03 


1-8 


F 


0-0 


28-2 




16 


10:14-11:03 


88 


S. N. 


18-42 


2-8 


R,F 


0-0 


32-0 






[Section 1,200™ stone to 2 


10*° ston 


B. 180 £,,. 


1 






Sept. 


2 


5--i9- 6:2s p. m. 


88 


S. to N. 


I9-IO 


2-6 


F 


0-2 


- 23-0 




3 


4:46- 5:09 


88 


-N. S. 


18-05 


1-4 


F 


i-o 


27-5 






9:52-10:30 a. m. 


88 


S. N. 


16-68 


2-6 


F 


i-o 


[40-5] 






6:53- 7:2s p.m. 


88 


N. S.- 


19-31 


1-2 


V 


0-0 


27-7 






7:44- 8:iS 


88 


S. N. 


18-20 


10 


V 


0-0 


27-4 






8:24- 8:58 


88 


N. S. 


17-82 


0-9 


V 


0-0 


29-0 






9:07- 9:34 


88 


S. N. 


17-15 


1-6 


F 


0-0 


26-9 






9:40-10:10 


88 


N. S. 


16-74 


2-4 - 


R 


0-0 


26-0 






[Section 2,too™ stone to 3 


000™ ston 


e, 180 B„. 


] 






Sept. 


3 


2:01- 2:30 p. m. 


88 


S. to N. 


23-92 


3-4- 


F 


0-8 


+ 


[52-8] 




3 


4:21- 4:4^ 


88 


N. S. 


19-69 


0-8 


F 


0-9 




■62.0 




4 


10:35^-11:09 a. m. 


88 


S. N. 


i6-i6 


I-I 


V 


I-o 




'?8-o^ 




18 


7:40- 8:33 p. m. 


88 


N. S. 


17-82 


1-8 


V 


0-0 


70-9' 




18 


8:47- 9:23 


88 


S. N. 


17-16 


1-9 


F 


0-0 


71-4 




19 


7:50- 8:17 


88 


N. S. 


18-33 


1-4 


F 


0-0 


73-3 




19 


8:30- 9:06 


88 


S. N. 


17-07 


0-9 


V 


o-o 


68-1 






[Section 3,000" stone to 3 


goo™ ston 


e, 180 5|7. 


] 






Sept. 


3 


2:41- 3:33 P-m. 


88 


S. to N. 


23-45 


1-7 


V 


0-7 


+ [8-0] 




3 


3:35- 4:12 


88 


N. S. 


21-98 


2-4 


F 


0-9 


[iS-7] 




18 


6:38- 7:37 


88 


S. N. 


18-62 


1-7 


V 


0-0 


22-3 


- 


18 


9:32-10:16 


88 


S. N. 


16-51 


3-0 


F 


0-0 


18-4 




>9 


6:48- 7=32 


88 


N. S. 


18-56 


'•3 


V 


0-0 


20-8 




19 


9:14- 9:55 . 


88 


S. N. 


16-25 


2-2 


F 


o-o 


19-3 
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Table Y.— Results 


of measures of Motion Base — Continued. 




[Section 3,900" stone to 4,900" stone, or standard kilometre, 200 S,,.] | 
















Tempera- 












No. 






Tem- 


ture fall- 






Date. 


Time of day. 


of 
tape 


Direction of 
measure. 


Mean 

tempera- 
ture. 


pera- 
ture 


ing, F; 
rising,' R; 


Cloud- 
iness. 


Length of 
section. 








used. 




range. 


vari- 




















able. V. 






189 


I. 






! 












mm. 


Sept. 


8 


5:25- 5:54 p.m. 


88 


S. to N. 


14-82 


3-0 


F,R 


O-I 


+ 3-3 




8 


5:58- 6:33 


88 


N. S. 


13-52 


1-8 


V 


0-0 


+ i-s 




8 


6:37- 7:12 


88 


S. N. 


12-58 


1-4 


F 


0-0 


+ s-i 




23 


6:27- 7:03 


88 


N. S. 


20-72 


1-4 


V 


0-0 


— 2-4 




23 


7:16- 7:49 


88 


S. N. 


19-90 


1-6 


V 


0-0 


- 3-6 




23 


7:56- 8:23 


88, 


N. S. 


19-43 


1-6 


F 


0-0 


— 43 




23 


8:37- 9:32 


88 


S. N. 


18-65 


1-8 


V 


0-0 


— I-I 




30 


6:33- 7:11 


88 


N. S. 


13-94 


2-4 


R 


0-0 


4 O-I 




30 


7:17- T-Si 


88 


S. N. 


13-67 


2-7 


F 


0-0 


— 0-6 


Oct. 


I 


6:50- 7:25 


8S 


N. S. 


18-52 


0-5 


F 


0-0 


— 2-3 




I 


7:32- 8:07 


85 


S. N. 


18-07 


2-8 


V 


0-0 


+ I-s 




2 


6:48- 7:18 


85 


N. S. 


19-88 


i-o 


V 


0-6 


+ i-,4 




2 


7:25- 7:55 


85 


S. N. 


19-45 


1-6 


R,F 


0-0 


+ 3-1 




3 


2:56- 3:18 


8S 


N. S. 


24-03 


2-4 


F,R 


0-9 




.5-1] 




3 


3:26- 3:48 


85 


S. N. 


23-62 


2-4 


F, R 


0-9 


— 


.4-1] 




3 


3=53- 4:13 


85 


N. S. 


28-16 


1-5 


F 


0-9 


— 


:6-9] 




3 


4:17- 4:38 


85 


S. N. 


22-66 

f 14-09 


i-i 
3-2 


V 


0-9 





fs:^l 












14-22 


2-5 






-[ii-i] 




7 


10:02-11:31 a.m. 


85 


N. S. 


14-20 

14-20 

14-26 

6-53 


2-4 

2-6 

3-5 

1-3 1 


F,R 


0-8 


- [9-6] 

- [8-1] 
-[11-9] 

- I-I 




8 


7:44- 8:4s p. m. 


88 


N. S. 


6-54 
6-55 
6-51 

5-75 


'1 
1-6 ( 

1-9 

i-i \ 


R,F 


0-2 


-f O-I 

+ 1-7 

-f 2-1 

— 2-0 




8 


8:53- 9:58 


88 


S. N. 


S-84 
5-87 

5-89 


1-2 1 
1-2 ( 
1-3 J 


R,F 


0-6 


— 0-9 

— 1-4 

— 0-0 






[Section 4,90 


0" stone to 5 


,000" ston 


e, ao 5^7.- 






Aug. 


27 


4:24 p. m. 


88 


N. to S. 


20-32 






0-7 


-[52-4] 




28 


7:37 


88 


N. S. 


n-44 






o-o 


53-0 












f 14-08 










55-9] 












14-48 










56-9] 


Oct. 


7 


9:30- 9:55 'I- m. 


85 


N. S. 


i 14-48 
13-83 
14-03 


0-6 


V 


0-8 




55-6: 

55-9; 

55-11 












f 5-751 








55-7" 












5-75 








55-3 




8 


10:05-10:08 p.m. 


88 


N. S. 


5-70 
5-65 
5-65 


O-I 


V 


0-6 


55-7 
SS-4 
55-4 






[Section 4,90c 


>" stone to 5 


000" ston 


3, 100 .^17. 




1 


Aug. 


""l 


4:24- 5:10 p. m. 


88 


S. to N. 


20-26 


0-2 


V 


0-7 


+[803-9] 




28 


•7:37- 8:13 


88. 


S. N. 


11-05 


0-8 


F,R 


o-o 


808-9 




29 


5:58- 6:10 


88 


N. S. 


16-12 


3-0 


F,R 


0-2 


808-3- 




31 


4:35- 5:07 


88 


S. N. 


21-67 


1-2 


F 


0-6 


[800-4] 




31 


5:52- 6:03 


88 


N. S. 


17-92 


l-I 


F 


03 


807-6 




31 


6:07- 6:17 


88 


S. N. 


1695 


0-8 


V" 


0-2 


8o8-o 




31 


6:22- 6:33 


88 


N. S. 


15-86 


0-4 


F 


0-2 


8o8-3 
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(7) InterpretatiQn of results.' — It is essential to a proper interpretation 
of the results in the above table to state certain additional information, 
relative to tbe conditions under wbicb the measures were made. 

The day measures of September 3, 1891, were made during the after- 
noon of a day whose earlier part had been hot and sultry. The field 
notes of the measures of this day state that, although the sky was gen- 
erally cloudy, the tape and thermometers were occasionally exposed to 
the direct rays of the sun. The measures of September 4 were made 
while a strong breeze, rising to a gale at intervals, was blowing This 
■breeze, accompanied by more or less rain, sufficed at times to blow the 
tape when under tension off its supports. For these reasons the results 
of September 4 can not be regarded as at all trustworthy in compari- 
son with results obtained under ordinarily favorable conditions. 

The day measures of the standard kilometre of October 7 were made 
at a time of general cloudiness, but the tape and thermometers were 
exposed at intervals to direct sunshine. When the sun appeared on 
this date the .measures were suspended until the clouds again out off 
his rays, but in a number of cases the later measures of the set of five 
made on this occasion were not completed before the sun's heat was 
manifest in the thermometer readings. 

, The night measures were made, in general, at times when dew was 
deposited to a greater or less extent in open fields. The only marked 
exception to this rule applies to the measures of the standard kilometre 
of September 23, 1891. The night of this day was an unusually warm 
and dry one, and the wooded portion of the kilometre, which is about 
600" long, had a notable store of radiant heat. 

The measures of the short section between the 4900™ and 5000™ stone 
of August 27 and 28, 1891, present a wide divergence fi'om the later 
measures of the same section. These earlier measures were the first 
made with the apparatus in the field, and it was in laying this par- 
ticular tape length that the operatives, with the exception of Siebert 
and Woodward, acquired their first experience. On these dates, also, 
a temporary and rather unstable marking table was used at the 4900™ 
stone, pending the preparation of a rigid post which served subse- 
quently as a microscope post at the terminus of the standard kilometre, 
and as a stable support for the marking table used in the tape measures 
of September and October. For these reasons the measures of August 
27 and 28 must be regarded as untrustworthy in comparison with the 
later measures of this short section. 

All of the measures save those of August 27 and 28 and September 
4, alluded to above, were made under favorable conditions, it is believed, 
so far as the manipulation of the apparatus was concerned. 

With these explanations in mind attention may now be called to a 
marked peculiarity exhibited by all the results of the day measures 
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except that of August 27 of the short section 4900'" to 5000". A glance 
at Table V shows that those results are all small relatively to the 
results of the night measures save in the single instance noted. Dis- 
regarding those measures of August 27 and September 4, concerning 
which there are grave doubts as already explained, the discrepancy in 
question is most marked in the results of August 27 and 31 (Section 
5000" to North Base), September 3 (Section 2100" to 3900"), and October 
7 (Section 3900" to 4900""). It appears, also, from the measures of 
August 31 (Section 5000" to H'orth Base), September 3 (Section 1200" 
to 2100"), and October 3 (Section 3900" to 4900"), that this discrepancy 
disappears, or tends to do, so with the going down of the sun. The 
unexpected fact thus brought to light is that under the conditions pre-" 
sented by the dates cited, the thermometers gave a temperature too 
low for the tape by amounts ranging up to about a degree Centigrade 
at the maximum. How this fact is to be explained I am unable to say 
at present, but of its existence there can be no doubt. It is probably 
due to the differing capacities of the tape and thermometers for absorp- 
tion and radiation under different conditions. 

In view of this peculiarity of the day measures it becomes essential 
to inquire carefully into the behavior of the tapes in the night measures 
during which the conditions as to radiation differed much less from 
those of the 100" comparator whereon the tape equations were deter- 
mined. The data for this inquiry are furnished by the measures with 
the tapes of the standard kilometre, whose length was determined with 
the iced bar, as explained in Chapter III, and we proceed to examine 
these measures in detail in the following section, 

(8) Conclusions from tape measures of standard Mlometre. — In order to 
give a clean idea of the performance of the tapes in the numerous 
measures of the standard kilometre, a summary of those measures is 
drawn up in Table VI following. The first column of this table gives 
the date of a set or group of measures ; the second gives the limiting 
times of the date within which the set of measures was made ; the third 
gives the number of measures in the set; the fourth gives the mean of 
the results for length of the kilometre, and the last column gives the 
error of the mean length for any date, the true length of the kilometre 
being assumed to be 20(iBij + 0-2"" as found from the iced-bar measures 
and given in Chapter III, section 12. The results from the day measures 
are inclosed in square brackets: 
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Date. 


Time of day. 


No. of 
measures. 


Mean length for 
date. 


Actual error 
of mean. 


1891. 


p, m. 




mm. 


mm. 


Sept. 8 


5:25- 7:12 


3 


200j9i7+ 3-4 


+ 3-2 


23 


6:27- 9:32 


4 


— 2-8 


— 30 


30 


6:33- 7:5s 


2 


— 0-2 


— 04 


Oct I 


6:50- 8:07 


2 


— 04 


— 0-6 


2 


6:48- 7:55 ■ 


2 


+ 2-2 


+ 2-0 


3 


2:56- 4:38 
a. m. 


4 


-[4-4] 


- [4-6] 


7 


10:02-11:31 

p. m. 


s 


-[9-8] 


— [lO'O] 


8 


7:44- 9:58 


8 


— 0-2 


— 0-4 



It is clear from the results in this table that the errors of the night 
measures are small in comparison with those of the day measures. 
The mean of the night measures, giving weights to the tabular means 
proportional to the number of results on which they depend, is 200Bi, 
+ 0-0""", which differs but 0-2™™ from the value derived from the iced 
bar measures. The maximum error of any group mean from the night 
measures is 3'2°"", or 1/300 000th part of the kilometre; and the aver- 
age error of such group means (disregarding weights) is only l-G"™, or 
1/600 000th part of the kilometre. On the other hand, the day meas- 
ures are largely in error and in one direction only, the maximum error 
of one group mean being 1/100 000th part of the kilometre. 

It seems safe to conclude, therefore, from these measiires of the 
standard kilometre, that the temperatures of the tapes when used at 
night in the open air were substantially as well defined by the mercu- 
rial thermometers as when used under the shed of the 100" comparator. 
Moreover, this conclusion is substantiated so far as it can be by the. 
evidence afforded by the measures of the other sections of the base, 
which do not present a single well-deflned exception to the rule that 
the day measures are relatively short. 

In accordance witH this conclusion, we shall use the night measures 
only in deriving the adopted mean lengths of the several sections of 
the base. It may be observed, however, that another method, which 
does not require the rejection of the day measures, is available for 
the determination of the mean lengths of those sections. This method 
consists in deriving the working lengths of the tapes for the day meas- 
ures from the day measures of the standard kilometre whose length 
was measured precisely with the iced-bar apparatus. A glance at the 
data shown in Table V makes it apparent that this method would bring 
the day measures into close agreement with the night measures of 
any section. The computation according to this method has been made, 
and the resulting mean lengths of the sections will be given below. 
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It will be remarked, also, that tlie numerous night measures of the 
standard kilometre afibrd sufiQcieiit data for a good determination of 
the equations of the tapes, especially for tape No. 88, since the tempera- 
ture range for it in the kilometre measures is about 15° C. But, as 
shown above, the equations of the tapes derived from observations on 
the 100'" comparator are in so close accord with those data that there 
is no need of appealing to them for supplementary informatioil concern- 
ing the equations of the tapes for the night work. 

Finally, attention may be called to the substantial agreement with 
each other and with the true value of the means of the night measures 
of the standard kilometre from the two tapes. These means are 
200B„ -> 0-9""» for tape ISo. 85 and 2005„ - O-S-"" for tape :So. 88. The 
actual errors of these measures are thus, with respect to the iced bar 
value (200J5iy -f 0-2"""), only + 0-7""" and — 0-4"", which are in each 
case less than the millionth part of the length of the line. 

(9) Mean values of lengths of sections of base. — As stated in the pre- 
ceding section, the lengths we shall adopt for the sections of the base 
will be made to depend on the night measures only, for the reason 
that these were made under circumstances closely comparable with 
those which obtained on the 100™ comparator in determining the equa- 
tions of the tapes. It will be of interest, however, to see to what extent 
the mean lengths of the sections and the length of the whole base would 
be affected if the day measures were included and given equal weight 
along with the night measures. Likewise, it will be instructive to learn 
the effect of the inclusion of the" results of the day measures when com- 
puted by means of working lengths of the tapes derived from the day 
measures of the standard kilometre. Accordingly, the values which 
result from each of these three suppositions are given in Table VII 
following. The data for this table are derived from Table V. The first 
column designates the section of the base. The second column gives 
the mean length of the section derived from the night measures alone, 
' these being considered of equal weight. The third column gives the 
mean length of the section derived by considering all day and night 
measures of the same weight. The fourth column gives the mean by 
equal weights of all measures of a section after the day measures have 
been increased by O-Ti"" per tape length. The results of August 27 
and 28 for the short section 4 900"" to 5 000" and those of September 4 
for the sections South Base to 3 000™ are, however, excluded in the 
first and third of these computations for the reasons given in section 8. 
The correction + 0-74°™ per tape length is a mean of the corrections 
furnished by the kilometre measures of October 3 and 7. A more pre- 
cise value might be derived, it is believed, by making such correction 
depend on the time of day, since the evidence indicates that the error 
in question was due to solar radiation ; but the data are insufBcient to 
justify such a degree of refinement. 
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Section of ba.sfi 


Mean of night 


Mean, including; uncor- 


Mean, including cor- 


kJ^^\/fc4^#>A UA L^OhOOa 


measures. 


rected day measures. 


rected day measures. 


• m. ^ 


mm. 


mm. 


mm. 


South Base- 1200 


240.51,+ 34-3 


240.5i7+ 317 


240.5,,+ 34-3 


I200-2IOO 


180 — 27-0 


180 — 28-5 


180 — 27-0 


2100-3000 


180 + 70-9 


180 -1- 65-2 


180 + 68-6 


3000-3900 


180 -|- 20-2 


180 -f- 17-4 


180 -j- 19-6 


3900-4900 


200 + O'O 


200 — 2-2 


200 -j- 0-4 


4900-5000 


20 - sS-5 


20 - SS-2 


20 — 5S-3 


5000-North Base 


100 4- 8o8-2 


100 -|- 806-5 


100 + 807-5 


South Base to North 








Base. 


iioo.ff,7+85i-9 


1100.5,7+ 834-9 


1 100.5,7+ 848-1 



It will be observed that tlie means in the third column of this table" 
are in every case smaller than the corresponding values in the second 
column, so that there can be no doubt of the wide divergence of the 
day measures from the night measures obtained with the apparatus as 
used on the Holton Base. 'The total length of the base found by 
including the day measures is 17'0""° shorter than that found by exclud- 
ing them. This amounts to 1/325 000th part of the length of the 
base. This total length, however, is affected to a marked extent by 
the measures of September 4, made during rain and wind as already 
explained. These adverse circumstances afford sufficient reason for the 
rejection of those measures ; but it is proper to explain that the gen- 
eral effect of the wind on this date was to increase the distance between 
the terminal marks of the tape, and hence to make the resulting com- 
puted lengths of the sections measured too small. This arose from the 
fact that the wind blew briskly from a northerly direction, or nearly in 
the direction of the base, and hence it tended to straighten and thus 
increase the working length of the tape, just as a strong breeze tends to 
straighten a string attached to a fixed point at one end or to render it 
parallel to the direction of the current, which is in general horizontal. 
The maximum increase which such a cause could produce in the dis- 
tance between the terminal marks of the tape as used is 1-55""". This 
increase is much greater, of course, than any which is likely, but it 
seems probable that a quite appreciable fraction of that amount per 
tape length entered as an actual error into the measures of the date in 
question. 

As to the results in the last column in Table VII, it may be said that 
their agreement with those of the second column is fairly satisfactory. 
It appears, however, that the day measures are not sufficiently 
increased. 

(10) Errors of measurement. — The errors which give rise to the dis- 
crepancies between different results for the length of a line measured 
with a long tape may be conveniently divided into the two following 
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classes: (1) Errors of manipulation, or errors incident to the mere 
operation of placing or laying a tape length. They include errors due 
to lack of coincidence of the terminal marks of the tape with the defin- 
ing marks on the zinc or other marking plates, errors due to incorrect 
tension of the tape, errors due to friction of the tape on its supports, and 
errors due to defective alignment of the tape. (2) Temperature errors. 
These include all errors tending to give incorrect temperatures to the 
tape, except such constant errors of the thermometers as may affect all 
measures alike. 

Relatively, the second class of errors is by far the most formidable, 
since they tend at times toward the constant type of errors, but it is 
important also to give such information as is available with respect to 
the minor source. Accordingly we shall endeavor to separate the two 
classes of error. 

It may be remarked that the errors of manipulation enumerated 
above are all of the compensating sort, except that due to defective 
alignment of the tape. This error must, however, be very small, since 
flipping the tape when under tension tends to make it perfectly straight 
on its supports. Even if the middle of a 100"" tape lay one decimetre 
to one side of the straight line joining its ends (an error of alignment 
which may be regarded as impossible) the resulting length would be 
in error only 0-2""" ; so that errors of this kind, it is believed, are abso- 
lutely negligible. 

It appears from an inspection of the results in Table V, especially 
those for the length of the standard kilometre, that any set of measures 
of a section made within a short interval of time was affected by more 
or less persistent temperature errors. This is, as already explained, 
very marked in the case of the day measures as compared with the 
night measures ; but the latter exhibit also some traces of the same 
sort of error, which arises, it is thought, from the relatively constant 
conditions of radiation pertaining to any short line during a limited 
period of time. The full range of the resultant error of measurement, 
therefore, can be expected to appear only in numerous measures of a 
section made under widely varying conditions. Measures satisfying 
this requirement were made on the standard kilometre. The various 
measures of the other sections of the base, when taken as a whole, 
satisfy the requirement also, and we thus have two independent sets 
of data for determining the aggregate probable error of measurement 
of a section. 

In computing this error we shall consider the night measures only, 
since they alone, as shown by the measures of the standard kilometre, 
conform to the adopted equations of the tapes, and they alone are used 
in deriving the adopted length of the base. 

The standard kilometre was so accurately known from the iced bar 
measitres of it that the discrepancies shown by the tape measures may 
be treated as actual errors, and, other things equal, as affording the 
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best data for estimating the probable error of a single measure of a 
kilometre. The residuals found by subtracting the iced bar value of 
this kilometre (200 B„ + 0"2""") from the several night measures, taken 
individually, range from — 4"5™™ to + 5'3'""'. The number of these 
residuals Is. 2 L and the sum of their squares is 117'2; so that the proba- 
ble error of a single night measure of the standard kilometre was 

On the other hand, if we consider all the night measures of the sev- 
eral sections, including the standard kilometre (but excluding the 
short section of 100"' for the reason that one tape length does not afford 
an opportunity for the development of the errors in question), there 
are in all 46 measures of 6 sections. These sections vary in length 
from 500™ to 1,200°", and hence it is essential to have recourse to weights 
in order to derive the probable error of one measure of a kilometre. 
Assuming that the resultant error desired is of the compensating class, 
the weights of the different sections will vary inversely as their lengths; 
and if we call the weight of one measure of a kilometre 1, the weight 
of one measure of a section n tape lengths long (wlOO") will be 10/n. 
In order to exhibit the data furnished by the several sections for the 
probable error desired, the details are brought together in Table VIII 
below. The first column of the table gives the designation of the sec- 
tion; the second gives the number of measures of the section; the third 
gives the range among those measures; the fourth gives the weight of 
the section ; and the fifth gives the sum of the weighted squares of the 
residuals found by comparing the individual measures of a section with 
their mean. 

Table VIII. — Data for error of measurement. 



Section. 


No. meas- 
ures of 
section. 


Range of 
results. 


Weigliti*. 


[>»»] 


m. m. 




mm. 






o to I200 


s 


131 


10/12 


9796 


I200 2IOO 


7 


6'o 


10/9 


23-99 


2100 3000 


4 


5-2 


10/9 


15-40 


3000 3900 


4 


3-9 


10/9 


980 


3900 4900 


21 


9-8 


I 


116-58 


5000 5500 


S 


«-3 


2 


1-82 



The total sum of the quantities [pvv] in the above table is 265-55. 
Hence the probable error of one measure of a kilometre as shown by 
them is 



± 0-6745 



/ 265-55 _ 
V4O-6 ~ 



± l-Td"™. 



S. Ex. 37—29 
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This, it will be seen, is slightly larger than the value derived from 
the kilometre measui-es alone. 

Now, by means of this value and the data afforded by the determina- 
tions of the tape lengths on the 100" comparator, it is possible to 
derive an estimate of the magnitude of the error due to manipulation. 
By reference to Chapter IV, section 14, it is seen that the error of one 
determination of a tape length on the comparator was zt 0'20"°', and 
this is due almost wholly to error in the assigned temperature from the 
mean of six thermometer readings. Assuming that the temperature 
errors were no greater in field work than on the comparator, the proba- 
ble error of one tape length from the mean of two in place of six ther- 
mometer readings should be ± 0'20'°™v'3; and hence the probable 
error in the length of a kilometre, or the sum of 10 tape lengths, should 
be ± 0-20'"" x/30 = ± l-l'"". Since the probable error of measure- 
ment due to all sources of error was found above to be ± 1"7""", at most, 
we infer that the probable error due to errors of manipulation in one 
measure of a kilometre is 



± V (1-7)2 - (l-lf = ± 1-3""". 

It appears, then, that the probable errors due to the two classes of 
error (error of manipulation and error of temperature) were about equal 
,in the case of the night measures of Holton Base. Some doubt may be 
entertained as to the correctness of the above estimate of ± l-l"" for 
the probable error due to temperature errors. Subsequent experience, 
on St. Albans Base, in 1892, under somewhat different conditions, as 
explained in sections 20-27 below, does not confirm this estimate, but 
seems to show conclusively that the error of operation is quite negligible 
in comparison with that of the temperature. 

(11) Probable errors of mean lengths of sections, (a) Probable errors 
due to errors of measurement. — The mean lengths of the sections we 
shall adopt are those given in the second column of Table VII above. 
The probable errors of these mean values may be derived in two ways, 
namely : First, by considering the several measures of a section by them- 
selves; second, by considering the measures of all the sections as a con- 
nected groiip of observations with weights dependent on the lengths of 
the sections foi the individual measures and weights dependent on the 
numbers of mea ures of the sections for their mean lengths. The data 
for these two pro ^able errors for the several sections and the resulting 
values of the erro ^ are given in Table IX below. The first column of 
the table designates the section; the second gives the number of meas- 
ures of the section m; the third gives the sum of the squares of the 
discrepancies between the individual measures of a section and their 
mean, which sum is denoted by [vv] ; the fourth column gives the weight 
of the section p, which is the reciprocal of the number of tape lengths 
in the section, unit weight being here attributed to one measure of a 
single tape length, or 100'"; the fifth column gives the sum of the 
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weighted squares of the residuals, or [pvv], and the last two columns 
give the probable errors of the mean values of the sections computed 
from the formulas 



,{1) = ± 0-6745 / ['"^] , and (2) = ± 0-6745 Mj'1*LL_. 
^ Vm(m-l) ^ Vmj>(51-7) 

Table IX.— ^Date for and probable errors of mean lengths of sections. 













Probable error. 


Section. 


No. meas- 


\vv\ 


Weight/. 


[/KZ-] 




















(0 


(>) 


m. m. 










mm. 


mm. 


0-I200 


5 


117-55 


I/I2 


■9-5S 


±1-64 


_[-0-8i 


I2OO-2I0O- 


7 


21-59 


■1/9 


2-40 


.. -48 


=t '59 


2100-3000 


4 


13-85 


1/9 


I-S4 


- - 73 


± 78 


3000-3900 


4 


8-82 


V9 


0-98 


-- -58 


± 78 


3900-4900 


21 


116-58 


I/IO 


11-66 


± -36 


± -36 


4900-5000 


S 


0-14 


I 


0-14 


± -06 


± -23 


5000-5500 


S 


0-91 


i/S-^ 


o-i8 


± -IS 


=F -52 



It will be "observed that the probable errors in the last two columns 
of the above table agree fairly well, and thus justify the assumption 
that the errors of measurement with the tape apparatus are of the com- 
pensating sort, or that the aggregate error of measurement increases 
as the square root of the distance measured. We conclude, also, that 
the probable errors (2) are, on the whole, the more trustworthy, since 
they are not unduly affected by the excessively large or the excessively 
small errors which appear in the measures of some of the sections. 

The probable error of laying a single tape length, as shown by the 
process (2), is ± 0-524'"'". Hence the probable error of one measure of a 
kilometre is, by this process, 

± 0-524'"'" v' To = ± l-ee-"" ; 

and this may be regarded as the most trustworthy value afforded by 
the measures of Holton Base. 

The probable error of measurement in the whole length of the base 
is, if we regard the measures of the different sections as wholly inde- 
pendent, the square root of the sum of the squares of the probable 
errors (1) in Table IX. This value is ± 1-99™"'. On the other hand, by 
the process (2) the probable error of the whole length of the base is 



/12 
±0-524'°"'^ -g- + 



+ 4+4 + 21+5 + V =±l-65"""- 



These are equivalent to the 1/2 770 000th and the 1/3 330 000th part, 
respectively, of the whole base. 
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(6) Probable errors clue to errors of tape lengths. — The probable error 
of the absolute length of either of the 100™ tapes used iu the measures 
of Holton Base may be taken as not exceeding ± 0-05'"", as shown by 
the discussion in section 16, Chapter IV ; and we shall adopt this lim- 
iting value in computing the probable errors of the absolute length of 
the sections. Multiplying this error, ± 0-0o'°", by the numbers of tape 
lengths per section, there result for the probable errors of the several 

sections from this source 

m. TO. mm. 
Section 0-1200 ± 0-60, 



1200-2100 ± 


•45, 


2100-3000 ± 


•45, 


3000-3900 ± 


•45, 


3900-4900 ± 


•50, 


4900-5000 ± 


•05, 


5000-5500 ± 


•25. 



It is worthy of remark that these errors are in every case but one 
smaller than the errors of measurement shown iu Table IX above. The 
exceptional case is that of the standard kilometre, whose adopted mean 
length depends on twenty-one measures. The probable error of the 
whole base due to this source is ± 55 x 0-05""' = ± 2-75""", or 1/2 000 000th 
part of the base. 

(12) Adopted lengths and errors of sections. — Collecting the mean 
lengths of the sections given in the second column of Table VII, and 
combining the probable errors in the last column of Table IX with those 
given under (b) of the preceding section, there result for the lengths we 
adopt for the several sections 



Section 



m. TO. 




mm. mm. 


0-1200 = 2iOB„ + 


34^3 ± l^Ol, 


1200-2100 = 180 


— 


27-0 ± -75, 


2100-3000 = 180 


+ 


70-9" ± •OO, 


3000-3900 = 180 


+ 


20^2 ± •OO, 


3900-4900 = 200 


+ 


0-0 ± ^62, 


4900-5000= 20 


— 


55^5 ± -24, 


5000-5500 = 100 


+ 808^2 ± •58, 


^j, = 5'"— 18^0^. 





(13) Adopted length and probable error of Holton Base as measured 
with the tapes. — The length we adopt for Holton Base as measured (not 
reduced to sea level) is the sum of the lengths of its parts given in the 
preceding section; that is, 



11005,, + 851-9' 
wherein 



mm 



B„ = 5-" - 18-0,'' 



The probable error of this value, so far as it depends on errors of meas- 
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urement or those developed in the repeated measures of the sections, 
is given under (a) of section 12 as ± 1-99'""' or l-Go""", according as we 
adopt the process (1) or the process (2) of that section. The probable 
error in the whole length due to error in the adoi)ted tape lengths is, 
as stated in (6) of section 12, ± 55 x 0-05'"" = i 2-75"™. 

It remains to consider the possible effects of errors of grades and 
alignment. These errors, though quite negligible in the length of a 
single section, may yet rise to an appreciable quantity in the length of 
the whole base. 

As to errors in grade corrections, it will be observed that they are 
of the compensating class, since errors in determining the differences 
in altitude of consecutive marking tables are as likely to be of one sign 
as another. The grade correction c for any tape length, as explained 
in section 3, is given by 

W 
«=-2-s' 

where h is the difference in altitude of the two ends of the tape and s 
its length. The effect of an error zlfe in A is expressed by 

For a constant value of Ah, therefore, the value Ae will vary as Ji. The 
greatest value of h for the tape lengths on Holton Base was 1-72", 
giving rise to a value of 14'79™™ for c. Since the values of h were 
measured by two different observers at different times, and since all 
discrepant values were redetermined, it seems impossible that an error 
as great as 2™ could have entered any adopted li. In the case of the 
above maximum value of A, the error in c due to an error Ah = 2«™ 

would be 

Ac = (14-79™°') X 4/172 = 0-34°"°. 

The average value of h for the base was less than 0-4'", so that the 
average correction for grade was thus less than 0"8"™ per tape length. 
Hence, since the errors under consideration are of the compensating 
sort, it is believed that their aggregate effect on the whole line was 
inappreciable. 

Errors of aligument in tape measures may manifest themselves in 
two ways. In the first place, the tape as stretched from length to 
length may not be parallel to the base. A lack of parallelism with the 
base to the extent of a decimetre in the length of a tape 100™ long 
would give rise to an error of 0-05"™- Similarly, any departure of the 
tape from a vertical plane through its ends wnnld give rise to an error 
of the same sort and sign. In the second place, any imperfections in 
the alignment of the support nails to a uniform slope for any tape 
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length would also produce a cumulative error. Both of these align- 
ment errors make the measured length of the base too great. Both 
errors are, however, very small. An error as great as 0-2""" from crook- 
edness of the tape with respect to a vertical plane through its ends is, 
it is thought, of very rare occurrence. Errors due to defects in setting 
the support nails to a uniform grade must be smaller per tape length 
than the former and of still rarer occurrence. The method of setting 
the support nails is so easy and accurate that an error in position as 
great as l"^'" can arise only through accidents or blunders. 

Notwithstanding the indications that the errors in grades and align- 
ment are negligible, we shall attribute ± 1™" as a probable error to 
each of these sources, since it is possible that some blunders occurred 
in this first application of the method and apparatus. 

With respect to the two errors of measurement, ± l-QO"™ and ± 1'65""", 
given above, we shall adopt the larger, in order that the precision may 
be underestimated rather than overestimated. 

Collecting the several independent probable errors, which are to be 
combined to produce the resultant probable error of the base, we have 
the following statement: 

Probable error due to errors of measurement ± 1'99"™, 
Probable error due to errors in grade ± 1-00, 

Probable error due to errors of alignment ± l-OO, 
Probable error due to errors of tape length ± 2-75. 

Taking the square root of the sum of the squares of these, there 
results for the total probable error of the base as measured with the 
tapes 

± 3-68°"". 

This is equivalent to the 1/1 500 000th part of the base. 

For the measured length, then, of Holton Base, when expressed in 
terms of the International Metre, we may write 

1100^1, + SSl-G"'-" + S-eS""" 
= 5500-832'° ± 3-68-""^. 

(14) Data for rediiction to sea level. — The heights of the marking 
tables used in the tape measures were all determined with reference to 
the tops of the marking stones at the ends of the base. The stone at 
north base was found to be 2-61™ above the stone at south base. The 
average heights of the tape lengths for the several sections above the 
stone at south base are given in the following statement. The values 
are derived by taking the average of the half sums of the heights of 
the ends of the several tape lengths for the sections. The slopes of 
the sections as measured with the tapes are so gentle that these 
average values are amply accurate for computing the reductions to sea 
level. 
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Average lieight of tape above south base : 

Section south base to 1200'" stone 4-45'°, 
1200™ stone to 2100'° stone 6-46, 
2100-" stone to 3000" stone 5-49, 
3000™ stone to 3900" stone 3-48, 
3900" stone to 4900" stone 4-63, 
4900" stone to north base 3-99. 

B. — ST. AiBANS BASE MEASUREMENT. 

(15) Location of base and preparation for measurement. — St. Albans 
base is a line in the transcontinental chain of triangulation along or 
near the thirty-ninth parallel of latitude. It is situated in the valley 
of the Great Kanawha river, near the village of St. Albans, Kanawha 
County, West Virginia. It is about 3 900" long, and extends in a 
nearly east and west direction along a closely level portion of the val- 
ley. It is on the north side of and is parallel to the Chesapeake and 
Ohio railway, the west end being 17*8" and the east .end 18-4" 
from the nearest rail of the main track in 1892. 

This base was located in the summer of 1891 by Sub-Assistant 
Walter B. Fairfield. The terminal marking stones were provided and 
set under the direction of Assistant Mosman during the autumn of the 
same year. A profile of the line and a determination of its height 
with respect to an adjacent triangulation station of known height 
were also made under Assistant Mosman's direction by Mr. J. ,S. 
Siebert. 

This base was measured with the tape apparatus in the early part 
of October, 1892, by a party in charge of the writer, aided by Assist- 
ant E. E. Haskell, Recorders M. V. Safford and Orville G. Brown. 
The line was cleared of brush, brambles, grass, and other obstacles, 
and the marking and support stakes for the tapes were set during the 
days October 1-9, 1892. These stakes were set 10" apart, and the 
marking stakes were all carefullj'^ aligned with a theodolite. Special 
pains were also taken in this work to make the spacing of the support 
nails uniform and to bring them accurately into coincidence with the 
line of slope for any tape length. Some special provision had to be 
made for supporting the tapes at an elevation of 3" to 5" for two tape 
lengths where the line crossed a ravine. But the supports for these 
two tape lengths were no less stable than at other parts of the line, 
and no difficulty was met in handhng the tapes successfully at such 
altitudes! 

(16) Measurements of the base. — A measure pf the base was made 
during the afternoon of October 10 with the 100" steel tape Ko. 85 in 
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order to afford practice in raanipulating the apparatus to the opera- 
tives, all of whom, except the writer, had had no experience with the 
apparatus. In this practice measure no record was kept of the set-ups, 
and some tape lengths were omitted, so that no results can be derived 
from it. Tlie work of actual measurement was begun on October 11 
and continued until October 14. Two measures of the base, one in 
each direction, were made at night with each of the steel tapes Nos. 
85 and 88; and a daytime measure, in bright sunshine, was made with 
tape No. 88. 

In all the measures, Mr. E. E. Haskell was the observer at the rear 
end of the tape and Mr. E. S. Woodward the observer at the front end. 
The thermometers from which the tape temperature was inferred were 
also read by these observers. An additional thermometer with a 
bright bulb, as explained more fully below, was read at the middle of 
the tape by Mr. M. Y. Safford, who also attended to the operation of 
flipping the tape and assisted in carrying it forward. The records 
were kept by Mr. Orville G. Brown. The whole number of operatives 
employed in the work was ten. 

The base was divided into four sections. These were all nearly one 
kilometre in length, except the easternmost one, which was about 869°". 
The fractional part of a tape length, namely, 69", in this latter case, 
was measured on the tape when under the usual tension ; 60™ of this frac- 
tion (or, rather, three-fifths of a tape length) was obtained directly from 
the 20'" sub-spaces on the tapes, while the remaining portion of 9", 
about, was measured by means of an auxiliary 15" Chesterman steel tape 
divided to millimetres. The particular portion of the latter tape used 
was tested on the Mural Standard of the Survey on returning from the 
field, and found to accord sufficiently well with its nominal value. The 
whole fraction of a tape length (69™ about) was on each occasion fixed 
on the tape by means of a light transverse line ruled with a brad awl. 
The distance between the 60™ mark on the tape and the temporary 
line was measured in each case with the auxiliary tape immediately 
after ruling this line, but as an additional check the same distance was 
remeasured in the daytime, so that it is practically certain that no 
appreciable error enters this fractional part of a j;ape length. 

The several positions of the tapes were marked on zinc plates which 
were left in position until the work was completed, when they were 
numbered, oriented, and filed as part- of the records. The "set-ups" 
and " set backs" made were measured and recorded at the time, but 
they were all carefully remeasured by daylight, so that no appreciable 
errors from this source can enter the measures. 

The measures were referred directly to the terminal marks in the 
monuments at the ends of the base and to the marking plates at the 
intermediate ends of the sections. These plates were nailed to very 
stable stakes, and th6re was no indication of any appreciable move- 
ments of them during the short period of four days covered by the 
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measures. Any such movements, however, which might take place 
from day to day would not affect the interval between the terminal 
stones, since the base was measured continuously from end to end 
whenever any measurement was made. 

(17) Determination of grade corrections. — The differences in altitude 
of the consecutive marking tables were measured independently by 
Messrs. Haskell and Safibrd. Whenever any discrepancies appeared, 
the work was re-examined by them, and it is believed that the adopted 
differences are trustworthy within half a centimetre in every case, 
while the two largest of those differences were determined with a much 
greater precision. 

The maximum difference in height of the tables for any tape length 
was S-STl™, which gives a grade correction of 63-76™™. The average 
difference in height per tape length for the several sections counting 
ft-om the west end were 0-37™, 0-89™, 0-29™, and 0-18™- 

The grade corrections were computed in duplicate by Messrs. Saftbrd 
and Woodward, and the following are the resulting values for the 
several sections : 

- mm. 

Section West Base to Stake 10 — 8'52, 

Stake 10 to Stake 20 — 93-58, 

Stake 20 to Stake 30 — 7-20, 

Stake 30 to East Base — 3-40. 

(18) Determinations of tape temperatures. — Mercurial thermometers 
of the same sort as those used on Holton Base were used to give the 
tape temperatures in the measurement of St. Albans Base. But in the 
hope that the thermometers could be made to follow the tape tempera- 
tures with greater certainty the aluminum' sheaths used in the Holton 
work were replaced by steel sheaths. These were made of very thin 
steel tape which was coiled into cylinders just long and large enough 
to slip over the thermometer bulbs and clasp their stems. By anneal- 
ing, the surface of these coils was given a dull black color closely 
resembling that of the measuring tapes. A disadvantage, however, of 
these steel sheaths over the aluminum ones lies in their greater mass, 
which is about 0-50 grammes, and is about three times the mass of 
the aluminum sheaths. This increase in mass caused a notable lagging 
of the thermometers with respect to the tapes, whereas such lagging 
was very small when the lighter sheaths were used. The effects of this 
lagging, however, appear to have been well eliminated by the process 
of measurement adopted. 

With the hope, also, that some light might be shed on the obscure 
question of the persistent difference between the tape and the ther- 
mometric temperatures during the day measures of Holton Base, a 
thermometer with no sheath attached to it (or one with bright instead 
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of black bulb) was read in all the measures of St. Albans Base. The 
saUent result revealed by this experiment is that during the daytime 
the thiermometers with black bulbs (or sheaths) read uniformly higher 
and at night uniformly lower than the thermometer with the bright 
bulb. This fact confirms what might be, of course, expected, namely, 
that the tape and thermometers may have persistently differing tem- 
peratures unless they have the same capacity for absorption and radia- 
tion. Another result of this experiment which may prove of value in 
further studies with the tapes is that the period when thermometers 
with bright and black bulbs give the same readings occurs shortly 
before sundown, and appears to coincide with the period of steady 
atmosphere.* But aside from these results, interesting though they be 
in a general way, nothing came from the use of the thermometer with 
the bright bulb. The temperature of the tape was inferred altogether 
from the readings of the two thermometers supplied with the steel 
sheaths. That the latter gave temperatures closely coincident with 
those of the tapes, except for the lag effect, which was in general well 
eliminated, appears to be demonstrated by the results of the several 
measures of the four sections of the base. 

The thermometers used in all work on St. Albans Base were Nos. 
5598, 5620, and 5621 by Green. Table X following gives the correc- 
tions to be applied to the readings of these thermometers to bring them 
into accordance with the standard hydrogen scale. The corrections to 
5598 are those given in section 10, Chapter iv, the freezing point read- 
ing adopted being that of January 21, 1892. The freezing point read- 
ings of 5620 and 5621 were determined by Mr. Louis A. Fischer, of the 
office of Standard Weights and Measures, in September, 1892. 

Table X. — Corrections to thermometer readings. 





Correction to - 


_ 


Tempera- 








ture, 










5S98. 


5620. 


5621. 


o 


o 


b 





O 


— o-io 


— 0-2O 


-0-2S 


5 


— -12 


— -IS 


— -20 


lO 


— -09 


-21 


— -26 


15 


— -oS 


— -25 


— -32 


20 


— -08 


— -27 


— -34 


2S 


— -07 


— -25 


- -32 


3° 


— -04 


— -25 


— -25 


35 


— -09 


— -23 


— -28 



(19) Tension correction and worMny lengths of tapes. — Spring balance 
Ko. 53 was used in all the work on St. Albans Base to give tension to 

* These two periods are probably due to tlie same cause, to wit, equality in the 
quantities of radiant heat received and rejected by the earth at that time of day. 
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the tapes. Its index correction was observed on October 10, 12, 14, 18, 
and 21. The mean of the resulting values, which vary from — 2-0 
ounces to — 3-0 ounces, is — 2'55 ounces; or in the formula 

T= Ti + i{W-B + r), 

given in section 4, r = — 2-55 ounces. 

The following values were also observed: 

W = 49'5 ounces, 
B = 35-0 ounces. 

The nominal value of the tension used was 

Ti = 25 pounds. 

Hence the actual tension applied was 

T = 25 pounds 6 ounces. 

Since the standard tension is 25 pounds 9 ounces, the tension cor- 
rection is — 3'0 ounces, and the correction to the standard lengths is 
— 3 X 0-047""" = — 0-14"'°'. The lengths of the tapes as used are then 
(see Chapter IV, section 17) 

mm. mm. 

Ts5 = 20 jB„ + 3-72 + l-0947i!, - 
Tsa = 20 jB„ + 6-17 + l-0914t 

(20) Results of the measures of St. Albans Base. — Table XI following 
gives the results of the measures of St. Albans Base. The first column 
gives the date; the second, the time of day when the measure was 
made; the third, the direction in which the measure proceeded; the 
fourth, the mean temperature of the tape; the fifth, the temperature 
range, or the dilierence between the highest and lowest observed tem- 
perature of the thermometers; the sixth indicates by the letters B and 
F whether the temperature was rising or falling during the measure 
of a section, and the order of the letters indicates the order in which 
the changes occurred; the seventh gives the length of the sections in 
terms of the iced bar jBi„ the excess over a round number of tape and 
bar lengths having been measured with a millimetre scale, and with a 
.. 15"" auxiliary steel tape in case of the fourth section ; and the last col- 
umn gives the number of the tape used. The values for the lengths 
given in the seventh column are not corrected for grades. Since the 
whole base only was ultimately used, the total grade correction will be 
applied to the sum of the lengths of the sections. 
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Table XL — Results of measures of St. Albans Base. 

WEST base to stake io. 



Date. 


Time of day. 


Direction of 
measure. 


Mean 
tempera- 
ture. 


Tem- 
pera- 
ture 
range. 


Temperature 
rising. R, 
falling, F. 


Value for distance. 


No. 

of 

tape. 


1892. 
Oct. II 
12 
13 
13 
14 


/. m. 
7:20- 8:02 
9:03- 9:44 
7:06- 7:40 
10:49-11:21 
2:53- -3: 16 


W. to E. 
E. W. 
W. E. 
E. W. 
W. • E. 


"C. 

9-04 

7-62 
13-30 

9-56 
32- 1 1 


"C. 
3-40 
270 
3-00 

IIO 

1-40 


F 

R 

F 

R 

R,F 


mm. 
200 .§17 4- 2582 

244-5 
2526 

25 « 5 
2481 


88 
88 
85 

i 



stake 10 TO STAKE 20. 



Oct. 11 


8:02- 8:44 


w. 


to E. 


5-92 


2-80 


F,R 


200 B„ + 534-8 


88 


12 


9:44-10:25 


E. 


W. 


('■i9 


2-25 


F, R 


535-5 


88 


13 


7:40- 8:12 


W. 


E. 


10-38 


2-55 


F,R 


S33-0 


85 


13 


11:21-11:53 


E. 


W. 


9-05 


0-80 


F, R, F 


536-0 


85 


14 


3:16- 3:49 


W. 


E. 


30-47 


0-80 


F,R 


536-0 


88 



STAKE 20 TO STAKE 30. 



Oct. II 


8:44- 9:26 


w. 


to E. 


6-23 


1-50 


R,r,R 


200 .5,7 + 527-0 


88 


12 


7:40- 8:22 


E. 


■w. 


7-84 


1-60 


R,F 


524-0 


88 


13 


8:12- 8:44 


W. 


E. 


9-92 


I-IO 


F.R.F 


527-8 


85 


13 


9:45-10:17 


E. 


W. 


8-75 


0-70 


R.F.R 


528-9 


85 


14 


3:49- 4:02 


W. 


E. 


30-08 


1-50 


R,F,R 


5340 


88 



STAKE 30 TO EAST BASE. 



Oct. II 


9:36-10:08 


W. 


to E. 


4-80 


0-75 


F,R 


172 .5,7 + 9325-5 


88 


12 


8:22- 9:03 


E. 


W. 


7-92 


2-65 


F,R 


9 3 3-0 


88 


13 


8:44- 9:16 


W. 


E. 


9-24 


0-50 


F,JR. 


9321-4 


8s 


«3 


10:17-10:49 


E. 


W. 


8-^7 


I -00 


F, R, F 


9 328-6 


8S 


14 


4:02- 4:26 


W. 


E. 


29-80 


0-95 


R, F, R 


9 333-0 


88 



(21) Interpretation of results. — An inspection of the results in the 
above table shows the ranges amongst the individual measures of the 
several sections to be IS-?"™, S-O™", lO-O™™, and 11-6™", respectively; 
and the question which immediately suggests itself is, why should the 
range for the section stake 10 to stake 20 be so much less than for the 
other sections? The hypothesis wo offer in answer to this question 
affords a satisfactory explanation of the ranges just mentioned, espe- 
cially those of the night measures, and clears up some of the peculiar- 
ities noted in the measures of Holton Base. It is based on the following 
considerations : 
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In case there is any relative lagging of the tape and thermometric 
temperatures, its effect will be more or less eliminated in the mean of 
two measures of a section made the one under a rising and the other 
under a falling temperature. A similar elimination of the lag effect 
will occur in a single measure of a section if the temperature is rising 
for one-half and falling for the other half of the measure; and, in gen- 
eral, the lag effect- will tend to eliminate itself if the temperature 
fluctuates to any considerable extent about its mean trend. The con- 
ditions which obtained during the measures of St. Albans Base, so far 
as they pertain to this lag effect are, in general, well indicated by the 
data in the.flffch and sixth columns of the above table; but it should be 
stated that the section stake 10 to stake 20 was specially favorable by 
reason of its topographic conformation for eliminating the lag effect. 
The middle portion of this section was on low marshy ground compared 
with the ground at either of its ends, so that there was always a marked 
fall of temperature on approaching the low ground and a marked rise 
on leaving it, regardless of the direction of measurement. 

This answer, it may be conceded, explains the small range among 
the results for the section, stake 10 to stake 20; but if it is the correct 
answer, we should expect the means of the forward and backward 
measures of the other sections to show a similar degree of accordance, 
since, as shown in the sixth column of the table, the temperature 
gradient was in general reversed with a reversal of the direction of 
measurement. The two night measures \frith each tape are in this 
respect strictly comparable, since they were made under conditions in 
all respects similar; i. e. the sky was cloudless or nearly so, there was 
little or no wind, the preceding days had been very much alike, and 
the measures were made at times when dew was condensing along most 
parts of the line. That these means do so accord is shown by the 
results in Table XII following, which gives the means of the night 
measures of the sections made with the two tapes. For brevity the 
sections are numbered 1, 2, 3, 4, respectively : 

Table XII. — Means of forward and backward measures of the sections. 



No. tape. 


Section x. 


Section 2. 


Section 3. 


Section 4. 


Whole Base. 


88 

85 


mm. 

+251-4 
252-0 


mm. 

+535-2 
534-5 


mm. 

+525-5 
528-4 


mm. 
+9 324-2 
9 325-0 


mm. 
10 636-3 
10 6399 



The accordance of these results leaves little to be desired ; but for the 
reasons already adduced and for others given below, it is diflftcult to 
see how it can be otherwise than real. 

Although the fact that means of forward and backward measures of 
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a section indicated a marked elimination of some source of error was 
noticed ia certain of the measures of Holton Base, the explanation of 
that fact, presented above, did not occur to me until after the night 
measures of St. Albans Base had been made. The full import of the 
explanation, indeed, was not appreciated until after the day measure 
of October 14 had been made; otherwise a reverse measure of the line 
would have been made on the latter day. The particular measures of 
Ho-lton Base just referred to are those of sections 2 100" to 3 000" and 
3 000" to 3 900". On referring to Table V of section 7 it will be seen 
that each of these sections was measured in both directions on Septem- 
ber 18 and again on September 19, 1891, under conditions favorable for 
the elimination of the lag effect. The excesses over 1805,7 of the 
means of the forward and backward measures of the section 2 100" to 
3 000" for these two days are + 71-2"" and + 70-7""; and for the sec- 
tion 3 000" to 3 900" the corresponding excesses are + 20-4"" and 
+ 20-0"". These exhibit a degree of accordance equal to that shown 
in Table XII. A similar degree of accordance is shown in the forward 
and backward measures of the standard kilometre of Holton Base of 
September 30, October 1, and October 8, 1891, on which dates the tem- 
perature gradients were favorable to the elimination of the lag effect. 
Attention has also been called in section 11 to the fact that the meas- 
ures of the standard kilometre show a less probable error than the 
measures of the other sections of Holton Base. The reason for this is 
found, I believe, in the topographic conformation of that kilometre. It 
passed for 600" of its length through a dense forest, leaving 200" at 
either end in open fields. In nearly all the night measures the ther- 
mometer readings show a rise of temperature on passing from the open 
fields to the forest, and vice versa; which conditions, as explained 
above, were favorable for the elimination of the lag effect in a single 
measure of the line. 

To recur to the measures of St. Albans Base, it is seen from the 
results in Tables XI and XII that the largest discrepancies are found in 
every case where, according to the hypothesis considered, they would 
be expected to appear. Thus, in Table XI the range is greatest in the 
measures of the section West Base to stake 10, which presented the 
steepest teipperature gradients; and in Table XII the range is greatest 
in the case of the third section, which, as appears from the data in the 
sixth column of Table XI, presented the least favorable temperature 
gradients. 

It should be noted, howe^r, that the difference between the night 
measures of the section West Base to stake 10 with tape No. 88 is 
much greater than that between the night measures with tape No. 85, 
The temperature gradients, in fact, indica,te that the former difference 
ought to exceed the latter, but it is not clear that the excess should be 
as great as it is. This apparent anomaly has led to a comparison of 
the separate tape lengths of the night measures of this first section 
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with the two tapes. It shows that the measures with tape N'o, 88 were 
for every tape length apparently longer in the one case and shorter in the 
other by about 0-7°""; in other words, if we are dealing with a lag effect, 
the thermometers gave a temperature too high to the tape under a fall- 
ing gradient and too low under a rising gradient by about O0'7 C, and 
this error was persistent throughout both measures of the section. 
Attention has been called in Chapter IV, section 15, to a similar dis- 
crepancy in the behavior of these two tapes when placed alongside of 
one another on the 100™ comparator of Holton Base. It is most 
probably due, as suggested in the section just referred to, to some dif- 
ference in the emissivities of the two tapes, but a study of all the data 
has not up to the present time led me to any clearer view of the ques- 
tion. 

It remains to consider the results of the day measure of the base of 
October 14, 1892. This was made on a cloudless day between 2 :53 and 
4:26 p. ra., and the mean temperatures for the several sections varied 
from 320-11 C. to 29O'80 0. Including this measure, the mean tempera- 
tures of the tape ranged for the different day and night measures of 
each section through nearly 25° C. ; so that the accordance of the day 
measures with the mean of the night measures affords a pretty severe 
test of the equations of the tapes and of the thermometeric tempera- 
tures attributed to them. A glance at the data in the sixth and sev- 
enth columns of Table XI shows that the accordance of the day meas- 
ure is best, as it ought to be in conformity with the considerations 
adduced above, in the case of the first and second sections, and worst, 
as would be expected, in the case of the last two sections.* 

The differences between the day measures of the several sections and 
the means of the night measures of the same are 

mm 

For the first section — 3-6 

second section + 1"2 

third section + 7-0 

fourth section + 8-4 

The average of these regardless of sign is 5-0""", or 1/200 000th of a 
section 5 while the average of the first two of them, which must be 
largely free from the lag effect, is only 2-4°'"', or 1/400 000th part of a 
section. From any point of view these discrepancies, when we bear in 
mind the wide range of temperature involved, do not seem large; but 
, when we consider them in connection with the temperature gradients 
which obtained during the day measure, it appears clear that, except 

* It is now plainly regrettable that a reverse measure of the hase was not made 
immediately after this one, since it appears almost certain that the means of such 
day measures would have shown a very close agreement with the means of the night 
nieasures. 
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for the lag effect, the thermometers as fitted with the steel shields gave 
temperatures in very close agreement with those of the tapes during 
both the day and the night measures of the base. 

Briefly summarized, then, our interpretation of the results of the 
measures of St. Albans Base is that the most formidable errors to 
which they were subject arose from lag of the thermometers as fitted 
with the steel shields; that these errors were well eliminated in the 
means of the forward and backward night measures with either tape 
for aU sections, and well eliminated in all the individual measures of 
the second section by reason of its topographic conformation; and 
finally, that the result of the day measure is too great by reason of 
uncompensated lag effect which lies chiefly in the lengths of the two 
easternmost sections of the base. 

(22) Values for measured lengths of base and probable error of meas- 
urement. — The value we shall adopt for the entire length of th^ base is 
the mean of the four night measures, since all our experience indicates 
that the temperature uncertainty is in general least in night measures, 
and since it appears certain that a considerable lag effect was elimi- 
nated in the means of the forward and backward measures of this base. 
Accordingly, the value we adopt is 

7725,; + 10638-1>"", 

or the mean of the results in the last column of Table XII. 

If, on the other hand, we include the day measure and give it and 
each of the night measures the same weight, the result is 

n2B,~ + 10640.7"™, 

which differs but 2'6"" from the adopted value. 

The results of the several measures of the entire base, in the order in 
which they were made, are 

mm. 
Oct. 11, 1892, 7725;; + 10645-5, 

12, 1892, ' 27-0, 

13, 1892, 34-8, 

13, 1892, 45-0, 

14, 1892, 514. 

The range among these is 24-1"'", or 1/160 000th part of the base. The 
range of the first four, or the night measures, is 18*5""", or 1/209 000th 
part. The greatest divergence from the adopted mean is that of the 
last, or day measure. The amount is 13-0™'°, or 1/298 000th part. 

The mean lengths from the forward and backward measures with the 
two tapes are 

mm. 
Tape N"o. 85, 772B„ + 10636-3, 
No. 88, 772J5,; + 10639-9. 

The difference of these is 3-6">", or 1/1 070 000th part of the base. 
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In computing the probable error of uieasuremeut from tlie data 
afforded by Tables XI and XII, we may proceed according to several 
hypotheses. Using 1 kilometre as the ixiiit of distance to which such 
probable error refers, we may assume (a) that all of the night and day 
measures of the several sections of the base are of equal weight, and 
that no elimination of systematic error results in the mean of a forward 
and backward measure ; (b) that the night measures should be consid- 
ered by themselves and treated as if they involved no errors due to 
lagging of the thermometers; (c) that'the means of the forward and 
backward measures given in Table XII are more or less free from errors 
due«to lagging, and that such means are alone competent to give an 
idea of tlie attainable precision. 

The errors which result from each of these hypotheses will now be 
given. .Let e„, e,,, s, = the probable error of one measure of a kilometre 
according to the suppositions (a), (b), (c), respectively. 

m = the total number of independently observed quantities, or 
total number of measures of the sections, 
= 20 for supposition (a), 
— 16 for supposition (b), 
= 8 for supposition (c), 
[rv] = sum of squares of the discrepancies between the individuij,l 
measures of the sections and their means, respectively. 

Then from Tables XI and XII we find* 

[«!'] = 250-57 for supposition («), 
= 142'94 for supposition {b), 
= 4-80 for supposition (c). 

According to the method of least squares, when we have in measures 
of equal weight of jn. unknown quantities, the probable error of a single 
measure is expressed by 

\m — 



± 0-6745 .,_ ^- 



In the present case the number of unknown quantities, or yw, is 4, the 
number of sections of the base. Hence for the several suppositions we 
have m — jx = 16, 12, 4, respectively. These data then give 

mvi. 
e„ = ± 2-(i7 
f, = i 2-33 
f. = ± 0-74 

* The sections are treated as of equal length, the modification arising from the fact 
that the section from stake 30 to East Base is 130™ short of a kilometre being unim- 
portant. 

S. Ex. 37—30 
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It may be observed that if the mean values in Table No. V, from 
which £, is derived, are not to a marked extent free from systematic 
error, as is assumed, we should have by the theory of errors 

But the actual relation is «. = 0-32fj, or the ratio of the two errors is 
less than half as great as it should be if the hypothesis (c) were false. 

It may be observed, also, that the work of determining the tape 
lengths on the 100™ comparator of Holton Base affords an indirect 
means of estimating the extent of the temperature error involved in the 
mean of a forward and backward measure of a kilometre] and hence 
some additional light may be gained concerning the magnitude oj the 
error of manipulation, wLich latter, as revealed in the tape measures 
of Holton Base, was briefly discussed in section 10 above. As shown in 
Chapter IV, section 15, the probabje error of a single determination of 
a tape length on the 100" comparator was ± 0-20"". This, as explained 
in the chapter referred to, is due almost wholly to temperature errors 
in the mean of six thermometer readings. It involves the lag effect to 
a slight extent, and hence" ought to indicate a larger temperature com- 
ponent in the probable error of a mean measure of a section of St. 
Albans Base than that shown from the actual observations, if in these 
latter the lag effect was well eliminated. Assuming the above error of 
± 0-20'"" per tape length to apply to the field work if six thermometer 
readings were made, the value for the actual case, wherein but two 
such readings were observed, is ± 0-20""" ■/ 3. With this as the prob- 
able error per tape length, the probable error of the sum of ten such 
lengths is ± 0'20'°" VSO, and hence that for the mean of two such 
measures is 

j_ 0-20""" v/15 = ± 0-77'"°'. 

This is slightly greater than the value of e„ given above. It shows, so 
far as it goes, a satisfactory elimination of the lag effect in the means 
of the forward and backward measures of the sections of St. Albans 
Base, and indicates that the error of manipulation is really much less 
than was inferred in section 10 from the measures of Holton Base alone. 
Lastly, it should be remarked that the value fj = ± 2-33"'", derived 
by using the night measures of St. Albans Base, is considerably larger 
than the corresponding value deduced from the night measures of 
Holton Base, namely, ± 1'74™"', given in section 10 above. The main 
reason for this lies, undoubtedly, in the fact that the steel sheaths used 
on the bulbs of the thermometers in 1892 caused much greater lagging 
than the aluminum sheaths used in 1891. The exceptionally favorable 
conditions of the standard kilometre of Holton Base for eliminating 
the lag effect have been alluded to in the preceding section, and this 
circumstance also tended to make the probable error of a single meas- 
ure of a kilometre in the Holton work smaU, 
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Now as to probable error due to errors of measurement in the whole 
length of St. Albans base, three values dependent on the suppositions 
(a), (b), (c), may be derived; and a' fourth value may. be computed 
from the difference between the mean lengths for the whole base from 
the night measures with the two tapes. The latter process, it will be 
noted, should give the smallest probable error, since it does not involve 
the possible errors d-ue to movements of the intermediate section 
stakes, though such movements, it is believed, were very small. The 
first three of these probable errors are 

mm. 
f, V^/S = ± 2-39 according to supposition (a), 
fb ^4/4 = ± 2'33 according to supposition (b), 
fe ^4/2 = ± 1-04 according to supposition (c), 

For the fourth probable error we find ± O-O""". 

Expressed as fractions of the length of the base, these probable 
errors vary from 1/1 620 000th to 1/4 300 000th. 

The errors just discussed, or those developed in repeated measures 
of a line, appear to be the only errors of measurement which need be 
considered in connection with St. Albans Base. In comparison with 
these, the errors in grade corrections, in alignment, in transfers to per- 
manent marks, and in the measurement of fractions of tape lengths, 
are trifling. As already explained, special pains were taken in the 
alignment of the support and marking stakes and in the determina- 
tion of grade corrections. We may allow, however, fbr possible con- 
tributions of error from the latter sources by adopting i 2-0™"' as the 
inobable error of measurement. This, it will be observed, is but little . 
less than that given by supposition (b), which takes no account of the 
elimination of the lag effect, and would appear to materially under- 
estimate the precision actually attained. 

(33) Probable error of base due to errors of tape lengths. — From the 
evidence adduced in Chapter IV, section 16, it appears that the prob- 
able errors of the tape lengths as determined on the 100" comparator 
of Holton Base can not exceed ± O-OS"™ within such ranges of temper- 
ature as are likely to be met in ordinary work. For such temperatures 
as obtained during the night measures of St. Albans Base, the prob- 
able error per tape length, if computed from the formula given in the 
section of Chapter IV just referred to, would be somewhat less than 
± 0'05""". One circumstance, however, leads me to adopt a larger 
value. It is this : If we use the mean lengths of the sections of St. 
Albans Base given in Table XII to compute a correction to the differ- 
ence in lengths of the tapes at 0° C, the mean value of such correc- 
tion is found to be ± 0-09""" ± 0.095"°', indicating that the difference 
in length of the tapes at 0° C. should be 2-54'°°' instead of 2-45""", as 
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given by the equations of the tapes derived in Chapter IV. Subse- 
quently to the measurement of 8t. Albans Base the tapes were com- 
pared directly on a 100™ section of the base. An- account of this 
work is given in section 26 below. It indicates a correction to the 
difference of the tapes at 0° 0. of about the same amount as that just 
mentioned and with somewhat greater certainty. The amount of this 
discrepancy, it will be observed, is of about the same magnitude as its 
probable error derived from the expression (9), section 16, Chapter IV, 
namely: 

•v/(0-055""")2+ (0-058S5»)2 = ± 0-08»'", 

so that no great weight can be attached to it when considered by 
itself. But inasmuch as the lengths of the tapes were determined by 
observing on them with micrometer microscopes having a power of 
27 diameters, while in applying -them to measure a base a hand mag- 
nifier or the unaided eye is used, it is possible that some constant error 
may have thus entered the measures of St. Albans Base. For this 
reason the extreme value of ± O-Oe™™ will be taken for the probable 
error of the tape lengths in those measures. This, as shown in section 
16, Chapter IV, is the probable error of the tape lengths given by 
their equations for such temperatures as 0° and 30° C. 

Since there were 38-7 tape lengths in the base, the probable error of 
± 0-06""" per tape length gives ± 2-32""' as the probable error of the 
whole base due to this source. 

{34) Corrections to measured length of base. — To the adopted mean 
length of the base given in section 22 above, three corrections are to 
be applied, namely: (1), correction for grades; (2), correction for error 
in thermometer corrections used in the computation of the lengths of 
the sections of the base; (3), reduction to sea level. 

(1) Since the entire length only of the base is needed, the sum of 
the grade corrections may be applied to the adopted measured length 
given in section 22. This sum, the terms of which are given in section 

16, is - 112-7"'"'. 

(2) The thermometer corrections which should have been applied in 
computing the length of the base are those given in Table X, section 

17. The means of the corrections to Nos. 5598 and 5620, which alone 
were used to give the tape temperatures, vary from — 0o-135 to 
— 0°-175, giving thus a practically constant value of — 0o-155, which 
we adopt as the correction to be applied to the means of those ther- 
mometer readings for the entire work. The corrections actually 
applied in computing the lengths of the sections of the base were, by 
reason of an error in making up a table of corrections, all numerically 
larger than those by the following amounts for the several sections of 
the base counting from the west end : 

First section, 0°-028, 
Second section, -022, 
Tliird section, -021, 
Fourth section, -021. 
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Since the thermoineter corrections are all negative, and since the rate 
of expansion of the tapes is 1-09™, the computed length of the base 
is too short by 

l-Ogmm {10 (0-028 + 0-022 + 0-021) + 8-7 (0-021) j = 0-97™. 

The correction, then, to the measured length of the base from this 
source of error is 

+ 0.97"'"'. 

(3) Complete data for reduction to sea level are not at present 
available. Table XIII following, however, gives the heights of the 
several marking tables with respect to the top of the marking stone 
at West Base, and also the mean heights of the several tape lengths 
referred to the same datum and counting from West Base toward the 
east. Every tape length is to be understood as 100"" long, except the 
thirty-ninth or last, which is but 70°' long. The plus sign signifies 
that the tables or mid tape lengths were higher, and the minus sign 
that they were lower than the datum. 

Table XIII. — Heights of marking tables and mean heights of 

tape lengths. 







Mean 




Mean 


Height of table at^ 


height of 
tape length. 


Height of table at— 


height of 
tapelength. 










Feel. 


Feet. 


Feet. 


Feet. 


West Base + 1191 




Stake 21 —6-575 


— 7-112 


Stake I 


+ 1848 


+ 1-519 


22 — 5-184 


— 5-880 


2 


+ 0-655 


+ 1-252 


23 — 5-495 


— 5-340 


3 


— 0-079 


+ 0288 


, 24 — 2-966 


— 4-230 


4 


+ 2-03S 


-f 0-978 


25 -2-719 


— 2-842 


S 


+ 2-894 


+ 2-464 


26 — 2-461 


— 2590 


6 


+ 4-154 


+ 3-524 


27 —4-139 


— 3-300 


7 


+ 3-938 


-1- 4-046 


28 — 4-299 


— 4-219 


8 


+ 2-723 


+ 3-330 


29 -4-615 


— 4-457 . 


9 


+ 1-269 


+ 1-996 


30 — 2-925 


— 3-770 


10 


+ 3-592 


+ 2-430 


31 —2-596 


— 2-760 


II 


+ 5-800 


+ 4-696 


32 — 2-239 


— 2-418 


12 


+ 3-670 


+ 4-735 


33 — 2-249 


— 2-244 


13 


— 8-044 


— 2-187 


34 — 2-I7S 


: — 2-212 


14 


- 13-360 


— 10-702 


35 — 2-i6o 


— 2-168 


IS 


- 13-368 


— 13-364 


36 — 2-252 


— 2-206 


16 


— 13-773 


— 13-570 


37 —0-675 


— 1-464 


17 


— 8-856 


— 11-314 


38 + 0-995 


+ 0160 


18 


— 9-492 


— 9-174 


JEast Base -f 2-ioi 


+ 1-548 


19 


— 8-588 


— 9-040 


Stone, E. B. -f 1-533 




20 


— 7-648 


— 8-II8 







The sum of the mean heights of the tape lengths in this table is — 103-7 
feet. Hence the average height of the tape above the stone at West 
Base was — 2-66 feet. 

For the several sections of the base, counting them as hitherto from 
the west end, the average heights of the tape were + 2-18 feet, —6-80 
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feet, - 4-37 feet, and - 1-53 feet, respectively, above the stone at West 
Base. 

(35) Adopted length and probable error of St. Alba,ns Base.— The value 
for the computed length of the base adopted in section 22 is 

112B„ + loess-i"-". 

where ^1, is the length of the iced-barNo. 17, as used on the lOO"" com- 
parator of Holton Base. This length is, as given in Chapter ii, sec- 
tion 23, in terms of the International Metre, 



Thus 



5„=5°'-18-0f . 



Ti1B„ = 3860^^ -13-896'""'. 



Hence, introducing this value, and ai>plying the corrections for grade 
and error of applied temperatures giving in the preceding section, 
there results for the measured length of St. Albans Base 3870'512". 

The adopted values of the independent errors whose resultant gives 
the probable error of this length are given in sections 22 and 23. They 
are — ' 

Probable error due to errors of measurement, ±2-00"', 
" " " " " of tape lengths, ±2-32. 

Taking the square root of the sum of the squares of these, we have for 
the total probable error of the base as measured, ±3-06""". This 
amounts to 1/1 260 000th part of the base. 
We write, then, for the measured length of St. Albans Base* 

3870-512°' ± S-l'"™. 

[26) Results of special experiments with tapes on St. Albans Base. — 
After the measurements of St. Albans Base were completed, certain 
experiments with the tapes were made with a view, first, to redeter- 
mine their relative lengths; and second, to learn more of their behavior 
under varying temperature conditions. Incidentally, also, the ques- 
tions of friction of the tape on its supports and its elongation for small 
increments to the normal tension, were reexamined. 

For these purposes, a tape length of the base presenting average 
conditions was selected and used as a comparator. In place of the 
marking stakes for this tape length, well seasoned Avooden posts were 
set firmly in the ground. On one of these posts a zinc plate having a 
fine reference line ruled on it was fastened. On the other post a heavy 
brass plate carrying an ivory scale 5<=™ long divided to half millimetres 
was secured. These two terminal marks aud the intermediate support 
nails were put in the same horizontal plane. The tapes were stretched 
and aligned on this comparator in precisely the same way as in field 

* The approximate elevation of the base above sea level is 180"°. This gives » 
correction of — lOD"" to reduce the measured length to sea level. 
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work, except that the stretcher at the rear end was fastened once for 
all in a rigid framework, and the position of the tape controlled by 
the slow-motion screw of the balance hook to which the tape was 
attached. Variations in length of the tapes were thus observed at the 
front end by means of the ivory scale, which could be easily read to 
tenths of millimetres. The thermometers provided with steel shields 
were placed 10™ from either end of the tape and read by the observers 
at the ends of the tape, while a thermometer with bright bulb was 
read at the middle of the tape length by the observer at that point, who 
also flipped the tape as in field work. 

Observations on the tapes were made on this comiiarator on October 
18, 19, 20, 21, and 24, 1892. ' On the first four dates the observations 
were made according to the following programme: One of the tapes 
being put under tension and brought to near coincidence with the 
reference mark at the rear end, the thermometers were first read ; the 
observer at the rear end then brought the rear end graduation of the 
tape accurately to coincidence with the reference mark at that end and 
signaled this fact by one blast from his whistle. Thereupon the observer 
at the middle of the tape flipped it. As soon as the vibration of the 
tape ceased the observer at the rear end signaled the observer at the 
front end to read the scale. This being done the thermometers were 
again read. Then the other tape was put under tension and a similar 
set of observations m ade on it and the thermometers. The time required 
to make such a series of observations with the two tapes was on the 
average about five minutes. *--* 

On October 24 the tapes were observed on separately, one during 
the forenoon and one during the afternoon, and the thermometers were 
read but once, and that immediately after the observations on the tape. 

The experiments were carried on regardless of the weather except 
that they were discontinued when it was rainy. They began, as a rule, 
about 9 a. m., and continued until about 9 p. m. Very variable condi- 
tions were thus encountered. The early mornings of the dates of 
observation were generally cool and foggy. As the fog was dissipated 
the temperature rose rapidly and then fell less rapidly toward sun- 
down. The total temperature range was from 5° to 35° C, and the 
daily ranges varied from 8° to 23° for the different dates. 

The results of the experiments were computed in the field by Messrs. 
Haskell and Woodward, and subsequently revised at the offtce by Mr. 
Saflford, who also plotted all the temperature, tape-length, and cloudi- 
ness curves supplied by the data. A study of the numerical data and 
of their graphical representation reveals the following special char- 
acteristics of the experiments : 

(1) Thatthe temperatures of the tapes were influenced to a considera- 
ble extent by the local conditicns, which forced them to undergo certain 
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typical changes of length dependent on the type of day. The ther- 
mometers with steel sheaths, while following' the changes of tape tem- 
perature fairly well, indicate some systematic differences dependent on 
the local conditions and on lagging. The discrepancy between the tape 
and thermometric temperatures rose in extreme instances of rapidly 
varying temperature, as with alternating cloud and sunshine, and with 
alternating currents of hot and cool air, to 3° C. 

(2) That the systematic character of the discrepancies between tape 
and thermometric temperatures disappeared largely after sundown. 

In order to derive the difference in length of the two tapes the 
quantity D—T„, where D is the distance between the terminal marks 
of the comparator and To is the length of either tape at 0° C, was com- 
puted for each set of observations by means of the known rates of 
expansion of the tapes. It was assumed for any date when the two 
tapes were simultaneously under comparison that D remained constant, 
though the difference in lengths of the two tapes is practically free 
from any change which may have occurred from day to day in that 
interval. Table XIV following gives a summary of the results of the 
tape comparison computed in the way just described. The first column 
gives the dace, the second the number of comparisons on that date, 
the third and fourth columns give the mean values of the resulting 
differences jf) — T„ for the.respective tapes, and the last column gives 
the difference in length of the two tapes at 0° C, found by subtracting 
the result in the third column from the corresponding one in the fourth : 

Table XIV. — Observed difference oj tape lengths at 0° G. 



Dale. 


No. of 
compari- 
sons. 


Mean value of D— Tn f or— 


at 0° C. 


. Tape 85. 


Tape 88. 


1892. 
Oct. 18 

19 
20 

21 


14 
13 

21 

24 


1 
mm. mm. 
-0-68 1 -3-37 
-.(-o-io ; — 274 
—078 —3-41 
—070 --30S 

1 


mm. 
+ 269 
2-84 
263 

2-35 



111 deriving a final mean value of T^—T^r^ from the results in the last 
column of the above table it is thought best to assign weights propor- 
tional to the number of comparisons, except in the case of the result of 
October 20. On this date the observations were not extended into the 
night, and the result from them is for this reason of less weight than 
the other results. Hence we assign a weight 2 to the result of October 
21 and a weight 1 to each of the other results. Their weighted mean 
'is then 

-f -'•r)?""" ± 0-07"'"'. 

Tliis is larger by O-IL""'" than the difference in length of the tapes 
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furnished by their equations given in section 14, Chapter IV. This 
latter difference is 

2.45mm J. o-OS""", 

as shown in section 23 above. . The discrepancy 0'12'"™ is thus only 
once and a half times its probable error, so that we can not infer with 
any considerable probability that any change in the relative lengths of 
the tapes has occurred since their absolute lengths were determined on 
the Holton comparator. It is possible, however, as remarked in sec- 
tion 23, that this discrepancy may arise from a lack of defining power 
of the hand-magnifying glasses used in the tape comparisons at St. 
Albans. Such power would not, it is believed, preclude the occurrence 
of an actual error equal to this discrepancy. It may be remarked, 
however, that the maximum possible error of St. Albans Base due to 
this discrepancy, even if real, is only slightly greater than one two- 
millionth part of its length. 

Finally, it seems worth while to give the results of certain observa- 
tions made on October 24, 1392, for the purpose of getting an idea of 
the error involved In the operation of laying and stretching the tape. 
It happened on this date that very favorable conditions for determining 
this error presented themselves. That is, the temperature was very 
steady, the sun being obscured by clouds; there was equilibrium of 
radiation as shown by the near equality in readings of the thermome- 
ters with black and bright bulbs, and there was little if any wind. 
Under these circumstances three sets of observations were made with 
the tape and thermometers in the same way that observations are made 
in measuring a line, except that the tape was not removed from the 
support nails of the comparator, and that the position of its front end 
was read on the millimetre scale instead of being marked on a zinc 
plate. The tension of the tape was in each case brought up from zero 
to the standard amount, and all other operations performed in precisely 
the same manner as in the work of measurement. Table XV below 
gives the results of these observations. The first column gives the 
limiting times of day of the groups of observations ; the second gives 
the temperature observed by the thermometers; the third gives the 
reading of the tape on the scale at its front end, the tape being set in 
each case to coincidence with the mark at its rear end; the fourth gives 
the values of D— To, or the difference between the comparator interval 
and the length of the tape at 0° C; and the last column givts the dis- 
crepancies V between the individual results' for any group and their 
mean. 
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Table XV. — Results of observations of error in laying a tape length. 



Time. 


Tempera- 
ture. 


Scale read- 
ing. 


D-To. • 


■ (C-0). 




1892. 





mm. 


mm. 


mm. 


Oct 


24, 4:29 


11-51 


12-5 


-(-OIO 


+0-0S 






11-36 


12-3 


•14 


+ -01 






11-36 


12-2 


■24 


— -09 






11-26 


I2-I 


•23 


— -08 






11-21 


I2-I 


■i'7 


— -02 ■ 






11 - 1 1 


12-1 


■06 


+ -09 






11-16 


I 2- 1 


•12 


+ -03 




4:3s 


ii-ii 


12-0 


-16 


— -01 




4:50 


10-27 


1 10 


+0-24 


-I-0-02 






10-32 


HO 


-30 


— -04 






10-32 


HO 


-30 


— -04 






10-37 


II-I 


•2S 


+ -01 






10-32 


II-I 


•20 


-j- -06 






10-32 


HO 


-30 


— -04 






10-32 


H-O 


•30 


— -04 




4:57 


10-42 


II-2 


'21 


' + -OS 




5:04 


10-22 


II-I 


+0-09 


-|-o-oi 






IO-22 


III 


-09 


+ -01 






10-17 


HO ■ 


■13 


— -03 






10-22 


HO 


•19 


— 09 






IO-22 


II-I 


-09 


+ -oi 




5:10 


10-17 


HI 


■03 


+ -07 



The residuals given in the last column of this table arise from errors 
in defining the positions of the tape at its ends, from friction of the 
tape on its supports, and from variations in temperature of the tape 
not registered by the thermometers. , Presumably, the latter source 
contributed little to the resultant error during the short periods of 
time covered by the groups of obervations ; but whether allowance be 
made for the temperature error or not, it appears that the operation of 
placing and stretching the tape was subject to very small errors. 
Thus, the average value of the residuals in the table is ± 0'04™™, the 
maximum O-OO™"", and. the corresponding probable error of a single 
value of ^ ■— To is ± O-OS"". The probable error of laying a singte tape 
length is undoubtedly somewhat greater than this amount under such 
conditions as are met on the average in field work ; but it seems essen- 
tial to conclude from the above observations that the more formidable 
errors which affect such tape measurements as have been described in 
the preceding pages arise from defective means of getting the tape's 
temperature rather than from imperfections of manipulation;* 

* The results of the experiments on the elongation of the tapes for increments to 
the normal tension are given in Supplement B, section 5. 
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Supplement A. 

METHOD OF COMPUTING CORRECTION FOR FLEXURE OF 5™ BAR B„. 



(1) Wature of flexure considered. — As explained in Chapter I, section 
3, tlie normal length of the 5"^ bar B„ is the distance between its end 
transverse graduations when the upper surfaces of the alignment plugs 
are in one plane and when the longitudinal marks on those plugs are 
in the same straight line. Whenever the bar is flexed, the distance 
between the graduation lines is less than the normal distance. The 
flexure here considered is that due to changes in temperature of the 
vertical web of the Y-trough and to variable load on the same. This 
flexure is in a vertical plane, Oiud it is measured by meaus of the long 
striding level in the manner described in section 9, Chapter I. The 
level reaches from any plug to the second adjacent plug on either side, 
consecutive plugs being 495"'™ apart. 

Before trying the apparatus it was feared that this flexure might be 
considerable during the course of a day presenting wide temperature 
variations, and hence adequate provision was made for measuring the 
curvature of the bar and computing a correction therefor. Experience, 
however, has shown that such fear was ill-founded. It has shown, in 
fact, that by means of the long striding level the bar may be made so 
straight in the Y-trough that no appreciable variation in its length will 
result in the course of any ordinary day. The largest correction for 
such flexure which has occurred in our experience with the bar is 0-35'', 
which may well be regarded as a negligible quantity. But it might 
happen that so close an adjustment would not be secured always, or it 
might happen that in the course of a considerable length of time wide 
variations in temperature of the external air would occur and produce 
sensible changes through flexure in length of the bar. It seems worth 
while, therefore, to give the results of my study of this question, 
although it need not be a very important one with the iced bar appa- 
ratus. 

Before proceeding to the details of the question, it may be remarked 
that the flexure here considered is due almost wholly to temperature 
changes in the web of the Y-trough. Such changes are noticeable from 
day to day, as a rale, rather than during a given day. In our experi- 
ence they have partaken of the character of seasonal changes, or of 
such slow changes as accompany a hot or cold wave. Thus, for exam- 
ple, during the last set of measures of the standard kilometre of Holton 
Sase, in September, 1891, the air temperature was pretty high and the 
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bar was concave upwards. About ten days later, in early October, the 
air temperature had fallen about 15° 0., and the bar at this time when 
used on the 100™ comparator was markedly convex upwards. 

In the construction of the bar, ijains were taken to make the upper 
surfaces of the alignment plugs equally distant from its neutral sur- 
face. This was accomplished with precision by means of the striding 
level referred to above; and we may assume that a surface similar to 
and parallel with the neutral surface of the bar can be drawn tangent 
to all of the alignment plugs. The sinuosities of this surface, or, more 
definitely, of the line in this suface cut out by the vertical alignment 
plane of the bar, are measured with the striding level ; and they accord 
sensibly with the sinuosities of the corresponding line in the neutral 
sflrface. 

(2) Theory of computation.— U s bo the length of any curve whose 
rectangular co-ordinates are ,'• and y, 

„. = „,(\ + g). 

In the case of the 5'" bar here considered, dyUJ.r is alw;iys very small, 
so that we may write 

„. = .. + ,(*)=.,._.... 

whence the cDrieotioii for curvature of the bar is 

taken between proper limits. 

Consider the sinuous curve defined above. If it could be completely 
determined, it would be tangent to the plugs 1, 3 ... 11 whereon the 
long striding level is applied. Refer this curve to a system of rectangu- 
lar axes, the origin being at plug ISo. 1 and the axis of x being the 
straight line joining the terminal plugs 1 and 11. The level readings 
at any time give the co-ordinates of the plugs 3, 5 ... 11 relatively to 
a system of axes having the same origin and a horizontal line tangent 
to plug No. 1 as axis of obscissas. Calling the co-ordinates in the lat- 
ter system x', y', and denoting the sine of the inclinjition of the two 
systems of ii xes by a, we have, since <r is always smallj 

r - .r', 

(/ = — (1.1- + y'. 

The quantity 3 will vary from time to time, or from set to set of obser- 
vations, while the values of y for any plug will remain constant for a 
given adjustment of the bar and for stable temperature ofthe Y-trough. 
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Let 7^1, Th, . . . hs be the measured values at any time of the relative 
heights of plugs 1 and 3, 3 and 5, ... 9 and 11, respectively; and let 
fei, t'2, . . . Vs be the most probable corrections to h„ Ih ■ ■ ■ respec- 
tively. Thus if we call the distance between the feet of the striding 
level I, and denote the ordinates of the plugs 3, 5; 7, 9, 11 in the first 
system of co-ordinates by 2/1, 2/2; •• ■ 2/5) '^^ have 

Ui = hi + V] — Iff, 

2/2 = hx + ^1 + h + ''2 — 2lff, 

■ y-i = hi + ■*'i + h + «2 + h + V3 — 3lff, 

1/4 = 7t| + 1', + hi + V2 + hi -t ®3 + 7*4 + i\ — Uff, 

y^ = hi + Ci + 7^2 + '^2 + 7i;, + V3 + hi + Vi + h + Vj — 5lff. 

From these it follows that 



Iff + m — hx = r,, 

la + Vi — y-i — Ji-i = Pi, 

Iff + y^ — y2 — 7*3 = r-,, 

Iff + yi — ?/3 — K == -lu, 

Iff + ys — y* — h = Va. 



(2) 



]!*fow the function of x, (p{x) say, which- is to represent the curve 
whose length is sought must evidently fulfill the following conditions, 

namely : 

<p [x) = for X = 0, 
* cp (x) = for X = ")/. 



The most general form of such a function is 

y = (fj{x) = a sin 2 ^r j^^+ «» sin ^ ^ ^^1 + 



(3) 



wherein a, b, . . . are constants. Since the number of observation 
equations (2) is limited to 5 (in this case), the number of constants or 
terms in (3) must be limited to 4. 

Giving to a; in (3) the values I, 21, . . . 51 successively, the values of 
yi, 1/2, .. . ys result; and if we write for brevity 



it' — 2a sin -^g n, 
h' = 2 b' sin -^^ n. 



(4) 



« = -h ^1 ft = ro TT, Y 



the above equations (2) become 

1(3 + a' cos a -\-b' cos /3 + 



Iff 4- 
la + 
Iff -f 
la + 



cos 3 0- + 
cos 5 a-)- 
cos 7 a -I- 
cos 9 a -J- 



cos 3 /? -f 
cos 5 /3 -I-. 
cos 7 ^ -f- 
cos 9 /? -f- 



i cos Y + 
cos 'i Y -^ 
cos 5 Y + 
cos 7 Y + 
cos 9 Y + 



— hi = Vi, 

— hi= V2, 

— h = v,„ (5) 

— h = '('4, 

— h — ''j- 
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By the method of least squares there result from equations (4) and 
(5) the foUo.wing values, wherein mis successively 1, 3, 5 ... 9: 

Iff = i [h], 
\h cos n a] ,, _ [h cos n ^] ,gx 

_ [h cos n y] 

C = : ) • • • • 

5 sin y 

The constants a, ft, c, ... in (3) are thus found from the observed 
quantities h. 

If now for brevity we put 



equation (3) may be written 

y = asin 6 + b sm2 8 + c sin 3 6 + 
whence, 

^y= f, (a cos 61 + 2 6 cos 2 ^ + 3 c cos 3 
dx o' 

This value substituted in equation (1) gives 

51 

[s-x] = ^J \dxj 


It 



= ^ C{a cos + 2 b cos 2 e + ... y d e (7) 



201 





flJ + 4 62 + 9 c^ + . . . ). 



The last member of (7) gives the correction for flexure [s — x] by an 
easy computation after the values of «, ft, c, . . . have been found from 
equations (6). In all cases to which the formulas have been applied 
the first three terms, or those in a, 6, c, have sufficed. 

(5) Example of computation. — As an example of the application of 
the preceding formulas the following case, which is the case of greatest 
flexure observed with the apparatus may suffice. It occurred on July 
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27, 1892. The observed quantities h and the computed quantities 
h cos n a, h cos n /H, etc., are — ^ 

A. h cos na. h cos n 3. h cos n y. h cos n i. 

mm. mm, mm. vim. mm. 

— 0324 — 0'3o8 ^0262 — 0-191 — 0100 

— -loS — -064 + -033 + -103 + -087 

— -018 -ooo -|- -oiS 'ooo — 018 
+ -288 — '169 — -089 + -274 — 233 

+ 720 — -685 + -582 — -423 + -222 



Sum — 1-226 -j- 0-282 —^0-237 — 0-042 

-Then the values of a, &, c, (i, found from (6), and a*, 46^, etc., for use 
in (7) arc 

mm. 
a= - 0-793, a' = 0-629, 
h = + -096, 4:¥ = -037, 
c = - -058, de" = -030, 
d^ - -009, 16d^' = -001, 



Sum 0-097 

Hence, since I = 990™"', 

[s - a] = 0-35 ''. 
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Supplement B. 

MATHEMATICAL THEORY OF METALLIC TAPES. 



(1) Object of investigation. — The use of long metallic tapes or wires 
ill measures of precision gives rise to a number of questions which can 
only' be answered by a competent mathematical theory or by a series 
of elaborate experiments. Thus, in the use of such tapes it is essential 
to know how to compute the change in length due to a change in ten- 
sion, the change in length due to a change in the number of supports ou 
which the tape rests, the change in length due to a change in weight per 
unit length of the tape, etc. It is the object of this brief investigation 
to give so much of the theory of such tapes or wires as is needed to 
answer these practical questions. 

, (2) Equations of equilibrium of elastic tapes. — The theory of the equi- 
librium of elastic strings, tapes, etc., is given in one form or another 
in various treatises on mechanics. It generally proceeds, however, on 
the assumption of "perfect flexibility" of the material of the tape, or ou 
some other doubtful assumption as to the internal stresses of that 
material. Properly speaking, the inquiry belongs to the theory of elas- 
ticity, and its correct basis has been clearly set forth by Lam6 in sec- 
tions 39-41 of his Lemons sur la Th^orie Math^matique de L'filasticite 
des Corps Solides.* 

A tape as here considered is an elastic body of small cross section 
subject to tension applied at its ends and to any bodily forces, but Iree 
from surface tractions. The cross section must be so small that the 
tension per unit area may be considered constant over the entire area 
of any section. Let oo be the cross section and p the density of the 
tape at any point of its length defined by rectangular coordinates x, y, 
z. Let T be the total normal tension on the section ai, and denote tlie 
rectangular components of the bodily forces by X, Y, Z, respectively. 
Then the investigation of Lame just referred to shows that the equa- 
tions of equilibrium of the element of mass pcods are 



" TtS) 



-+- pa)X = 0, 



ds 



ds 

d ' 



ds 



+ pr^r = 0, (1) 

-f pwZ = 0. 



* Second editioUj Ganthier-ViUars, Paris, 1866, 
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These equations contaiu the general theory. To adapt them to our 
purposes we observe, first, that the only bodily force acting on a tape 
when used as a standard of length is gravity, and, secondly, tliat tlie 
curve assumed by such a tape lies wholly in a vertical plane. Thus, if 
we take this plane to be that of a^y, y being considered positive upwards, 
we may write X = 0, and Y = —gin the first two of equations (1), and 
they become 

ds = ^''~^' 

, <lx\ (^) 

= 0. 



{'•%) 



ds 

Further, let poj &'o) ds„ be the density, cross section, and length of 
the element of the tape considered when it is not under tension, ds is 
thus the stretched and ds„ the unstretched length of this element. 
Also, let ju be the reciprocal of the modulus of elasticity of the tape 
multiplied by the area of its cross section. Then, since the mass of the 
element remains constant and Hooke's law applies to its elongation, 

poods = poOi)„dSo, 

ds = {l^ lxT)ds„. . (^^ 

Since the tapes we consider are of uniform cross section when un- 
stretched, we may write for the weight per unit of unstretched length 

to = poOO„CJ. (4) 

By means of the relations (3) and (4), equations (2) may be given the 
following forms: 



(1 + I^T) 



'~d~s = "•' 

d(T^^') ^'^ 

V ^« ' = 0, 
ds 

, dy^ 



H''l) 



d(T 



ds„ - '"' 



~9, 



g. Ex, 37-31 
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(3) Integration of equations.— A first integral of the second of equa 
tions (5) is 

r ;j- = a constant = t, say, 

where r is the horizontal component of the tension, or the tension at 
the lowest point of the curve assumed by the tape. From this equa- 
tion 

which, substituted in the first of (5), gives, after some obvious changes. 



dx\ dxj 



+ f,^^ ^('lll \ = w. 



/ 1 J- f^y\^ dx\dx 

yl ^ \dxj 

The first integral of this equation, if we take the origin at the lowest 
point of the curve so that dy.'dx = for a? = 0, is 



'»<g + /^ + (1)') 



+ jx T- dy = ic.r. 



In order to integrate again, we may expand dy/dx as a function of the 
small quantity /< by means of Maclauriu's series. Thus, the last 
equation gives for yu = 0, 

§ - * (e+--/r-e---^), 

djx * ^ " 

• • • ) 

in which e is the Napierian base. On account of the minute value of 
ju for metallic tapes, the higher difl'erential coefficients of dy/dx with 
respect to /n are not needed. Hence, to terms of the first order in //, 
we have 

zM = J (e + '"•^/'' — e — '"■^Z'' ) + J r (e -I- = '"^/^ — e — ^^ '"•^Z'' ) yu, 
whence, since thie origin is on the curve, 

2/ z= J — (e + i '"-^/^ — e - i ^^/ry 
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For brevity put 

a = -. (8) 

Then equation (7) gives by expansion 

y = i fW- + -2T «' ■'■■' + T^fi «^ '''^ + • • • 

+ a -i^ + i a' X* + -A- a* *•'* + ...)>" w. 
Referring now to equations (6), their first integrals are 



(9) 



w (s„ + yS), 



da; 



(10) 



where yS and r are constants, the latter being, as explained above the 
horizontal component of the tension. The sum of the sqiiares of (10) 
gives 

T^ =T^ + 10^ (So + pf. (11) 

Eliminating T and fls from (10) by means of (3) and (11), there result 

dy = ;. ,. (s„ + /?) &„ + _ _5jj^,+,/^lJ^ , 

a/ T^ + W^ («o + /?)* 

oa? = /^ T as„ + 



V T* + w^ (s„ + /3)^ 

It the origin be taken on the curve, the integrals of these equations 
are* » 

y = ia{i. + j^r) {(s„ + p)^ - /3^\ - i a' \{s„ + p)* - pn + . . . , 

a? = (1 + /t r) s„ - 1 «^ {{So + Pf - p^\ + . . . (la) 

The differential equations of equilibrium (5) and (6) are thus com- 
pletely integrated, and the form of the curve assumed by the tape is 
assigned by either (7), (9), or {12). 

It will be essential in what follows to have an expression for tJie 
unstretched length of the tape Sg in terms of x for the case in which the 
ends of the tape are in the same horizontal line. In this case, if we 
talie the origin at the lowest point of the curve, or at the middle point 
of its length, yS = 0, and the second of (12) gives 

aj = (1 + /^r) So - i a? s„3 ^ _^_ ^4 g_^5 _ . . .. . 

*The finite forms of the integrals of these equations are not so well adapted to 
our purposes as the series givea in tUe text. 
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whence, by retverslou, we have to a sufQcient degree of approximation 

s„ = (1 - fxr) x + ld'x' -• ■ ■. (13) 

(4) Sag of tape. — The sag of a tape is the vertical distance of its 
lowest point below either of its adjacent points of support. It is the 
value of y in equation (7) or (9) when x is the abscissa of the point of 
support to which the sag is referred. When the supports of a section 
of a tape are in the same horizontol line, the sag is found from (9) by 
substituting for x half the span of the section. 

It will be of interest to consider a numerical example with reference 
to the tapes used with the tape base apparatus described in Chapter 
IV. Thus we have for steel tape No. 85 : 

Weight per metre of length = w = 22-32 grammes, 
applied tension (25-5 pounds) = t = 11567 grammes. 

Hence the constant 

a = ((r/r) = 103 x 10-*. 

We also ha\'e for this tape 

fi = 16 X 10-' for the gramme as unit, 
= 450 X 10-' for the ounce as unit. 

With these data the computation of the sag for a span of 40" {x = 20™) 
by equation (9) runs as follows : 

m. 
^ a ,»^ = 0-386000 
jL a' .v' = -000048 
^ fA w ,;'2 = -000072 



Sag = 2/ = -386120 

It appears therefore that for such a tape and such a tension, the sag 
for spans less than 40" in length is given with sufficient accuracy by 
the simple formula y = ^ ax^. 

(5) Chwnge in length of tape due to change in tension. — Suppose a tape 
supported at a number of equidistant points all in the same horizontal 
line. Let 

n = the number of sections into which the tape is divided by the 

equidistant supports, 
i = the span of any such section, 

la = the unstretched length of the tape in the same section, 
L = the normal length of the entire tape, or right line distance 

betwew its tOTOiflal w^rks wbw uo4^r sti^ndnr^ twsjou 
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Making /? = in the second of equations (12) (since the supports are 
assumed to lie in a horizontal line), and putting 

we get 

? = (1 + ;< t) /.„ - 4j a^ /.„^ + • • • . (14) 

Since th'e sections are of equal length we have 

21 = L = [l + n r) n l„ - ^j n a" l„^ + • • • . (15) 

Differentiating this with respect to r, the change in length of the 
tape, ALi say, due to a change Jr in r is found to be 

ALi = nloiAAr + -J^ a''nl\ ^-. (16) 

Obviously one may use I for la in this formula, a roughly approxi- 
mate value of lo being in general quite sufficient for computing the 
small quantity AL^. 

Example. — For tape No. 85 when supported at equidistant intervals 
of 10" we have — 

w = 10, 
I = 10", 

w — 22'32 grammes per metre, 
r = 25-5 pounds = 11567 grammes, 
a^= (wjrf = 372 X 10-", 
yu = 16 x,10-^, for gramme as unit, 
= 450 X 10-" for ounce as unit.* 

Hence for At = 1 ounce, 

mm. 

nlfxA-r = 10 X 10'" X 450 x lO-' = 0-0450 

A-«V«=^ = iV X 372 X 10-8 X lO' X ik = 0-007C 

Jii = 0-0520 

It may be observed that the quantity ALi can be measured directly 
by increasing and decreasing the tension r in the vicinity of its standard 
value. Prom a small number of observations made in 1891 by this 
process the value ALi = 0'047""" per ounce was found for tape 85 with 
T = 25-5 -pounds. A more elaborate series of observations made in 

* Since the cross sectiou of the tape is B'Sl"'" X 0-47""", or 0-0298 square centi- 
metres, the value of /i corresponds to a modulus of 2-1 x lO" kilogrammes per square 
centimetre or 30 X 10'' pounds per square inch. This value of // was determined by 
measuring the variations of length of a piece of the tape due to variations in tension 
when the tape lay on the flat Mural Standard of the Coast and Geodetic Survey. 
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1892 with the same tape and tension gave JLi = 0-053"'"> per ounce, 
which agrees well with the value just computed from the weight per 
unit of length and the modulus of elasticity of the tape. The value 
Jiy, = O-OS"" may be adopted for tapes 85 and 88 when r = 25-5 pounds. 

(6) Change in length of tape due to change in number of supports. — Sup- 
pose the tape,divided by its equidistant supports (all in the Same hori- 
zontal line) first, into Wi, sections of length k, and secondly, into n^ 
sections of length I2. Then, assuming the tension the same in both 
cases, the difference in distance between- the terminal marks of the 
tape, j^Li say, as shown by equation (14) is 

/IL, = 2(k-li) = 2W (".'1' - n2l^), (17) 

When a tape is supported throughout its length on a horizontal 
plane, as on a mural standard, % in (17) becomes infinite and k infini- 
tesimal. If we denote the length of the tape in this case by i qo = ^^^ 
and call its length in the case of u sections L^ = 21, equation (17) gives 

L^- 7v„ = -1- fl.^ nl\ (18) 

To iind the shortening of a tape due to the omission of one support, 
we have only to make TO2 = 2, », = 1, and li = 2li = 21 say in (17). It 
gives thus 

I being the length of a section when no supports are omitted. 
Similarly the omission of m consecutive supports shortens a tape by 

Z^- m (III + 1) (TO + 2) ,t- P, 

where I is the length of a section when no supports are omitted. 

Numerical examples. — (1) For the 100"' tape No. S'), Mi = 5 and k = 20" 
when the supports are 20™ apart; and % = 10 and k = 10'" when the 
supports are 10"' apart. Hence in this case, since a' = 372 x 10-", 
when the tension is 25*5 pounds, (17) gives 

zJij = -2V X 372 X 10-8 ^ 5 (20)3 _ 10 (10)3 ) =-. 4-65'">". 

(2) For the same tape the omission of one support, supposing them 
to be 10'" apart, or I to be 10™, shortens it by 0-93"'™ as shown by (19). 

(3) Equation (18) shows that tape TSTo. 85 would be l-SS"""' longer 
when lying on a horizontal surface thau it is when supported at equi- 
distant intervals of 10", the tension in both cases being 25-5 pounds. 

(7) Change in length of tape due to change in weight per unit length. — 
It is of some interest to have an expression for the change in length of 
a tape due to a change in its weight. Such changes may occur from 
wear or from a deposit of dew on the tape. An expression is found 
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by diflferentiating (15) with respect to w. Thus, calling the change in 
question A Lj, we find, since a = w/t, 

w ^ ' 

This formula shows, for example, that when the 100"' tape Ko. 85 is 
supported at equidistant intervals of 10"" and is under a tension of 25-5 
pounds, or when. 

I =: 10™, 
n = 10, 
a" = 372 X 10-^ 

7(1 

Thus, in order to produce a change of the millionth part in this tape's 
length, or in order to make AL^ = O-l™'", we must have z/w = w/31. 
Obviously, no such change as this is likely to occur in the length of a 
tape. 

(8) Change in length of tape due to slope of its supports. — In the use of 
long tapes for measuring lines of precision the supports for any tape 
length are placed in the same straight line. It is plain that if this line is 
inclined, the distance between the terminal marks of the tape will be 
greater than when the line is horizontal. It is plain also that the 
elongation of a tape due to ordinary slopes can not be very great, but 
their use in refined work requires that we should know the nature and 
extent of such elongation. 

The question may be investigated in the following manner: Equa- 
tions (12) give the rectangular coordinates of any section of the tape. 
The origin for these coordinates is any point on the curve, and is defined 
by the constant /?. For the present purpose let us place the origin at 
the left-hand support of the section considered, and let Xi y^ be the 
coordinates of the other end or support of the section. Then the span 
of the section, or its length as used in measurement, is V5r+~3/5r 
But the length of the same section when the supports are in the same 
horizontal line is given by (14) as 

1={1 + ^r)l„- -1 aU„^ + . .'., 

where Z„ is the unstretched length of 4he tape in the section. The 
elongatfon we desire is then 

VSf+lTi - I 

per section of the tape. To evaluate this quantity we have to find ft 
for the assumed position of the origin, to substitute its value in the 



488 U. S. COAST AND GEODETIC SXmVEY. 

equations (in), aud tlius get Xt aud yi in terms of «„, or rather l„ as we 
shall here denote the unstretched length of tape in the section. 

Since in the first of (12) y = y\ for- «„ = 'o? we find by Maclaurin's 
series 

or nefii'ly enough for our purpose 



^'-h^m^^,(x^ 



Again, since ?/i is always small with respect to «„ we may use the 
approximate expression 



yi^ 



■^■ryx' + 2/,' -I = x^ + ./'- - I. 

—'I 

Hence, substituting the values of >S, x^, and j/, as just explained, 
there, results foj- the elongation per section of the tape to terms of the 

fourth order inclusive in the 



slope (|), 



Let H denote the inimber of equal sections of the tape, L the total 
length of the tape, h the difference in altitude of its ends, and ALt the 
total elongation due to its slope. Then, since 

3/, = h/n and /„ = L/n, 
the above expression gives 

^L, = :j,;-, C,^ V ( /J + g /. [jj . (21) 

For a tape 100'" long the value of h will rarely if ever equal 5". For 
such a value and for the tapes Nos. 85 and 88 when supported at equi- 
distant intervals of 10"' we have, if a' = 372 x 10 -", 

1 . ,, / h \-i 1 372 / 5 \2 

12^^ «- '' ( l) = 1200 ^ I(T« X (100)^ ( 100 ) = O-OOS-, 

Thus in tliis case JLf = 0-OSlJ""". Hence for such a tape we may 
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regard this correction as insensible for slopes less than 5 per cent or 
values of h less than 5".* 

(9) Change in length of tape due to inequality in spacing of its sup- 
pprts. — In settiag the support nails for a tape length it is impossible 
to make the intervals between them exactly equal. Practically, there- 
fore, it is important to know how great the inequality may be without 
introducing appreciable error in precise measurements. This question 
is eas'ily answered by means of equation (14). Thus, let ^i, k, • ■ • K be 
the lengths or spans of the n sections of the tape supposed unequal; and 
let l„ -\- All, ?'o + ^4 • • • ^o + ^K be the corresponding unstretched 
lengths of the tape for the same sections. Then, according to (14), 
observing that 2AI = 0, 

21, = (1 + l^r)nl„ - g| na%^- -g aX2{My. 

If the sections were all of equal length I we should have, to the same 
order of approximation, for the whole length of the tape 

1 



nl = (1 + fA.r) nl„ — ^ na\^. 



Calling the difference of these two expressions //Xj, we have 

ALs = -g a\2{/n)\ (22) 

This gives the shortening of the tape due to the departures from 
equality of the several sections. To get an idea of its extent, 
suppose All = — Ah = AI3 =z — Al^ . . . = O-l™ in the case of the 
lOO™ tapes when supported at equidistant intervals of 10" and Avhen 
a^ = 372 X 10-». With these data (22) gives 

AL5 = I X ■!72 X 10~'x 10 X 10 X 10"'= 0-40''. 

o 

It is seen, therefore, that Iti spacing the supports for such a tape, 
equality to the nearest decimeter, which is easily attained, is amply 
sufficient. 

•This investigation ignores the effect of the change in a* = (to/r)^ due to the 
slope of the tape. This change is Ja' ~- — 2a'- {^t/t) = a' Qi/Ly, which amounts 
to only l/400th part of a- in the case cited. 
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III. THE NEW SECONDARY BASE-APPARATUS OF THE COAST AND 
GEODETIC SURVEY AS USED IN THE MEASUREMENT OF THE 
HOLTON BASE, INDIANA. 



A report by O. H. Tittmann, Assistant. 

Submitted for publication November 30, 1891, and corrected for adopted value 
of five-metre standard in February, 1894. 



The duty of measuring tlie Holton Base with the new secondary 
apparatus, (five-metre contact slide rods 13 and 14) was assigned tome 
by a letter of instructions from the Superintendent of March 28, 1891. 

As soon as circumstances permitted I reported to Assistant A. T. 
Mosuian, in camp at Holton. He had made-all the necessary prepara- 
tion of selecting, clearing, and marking the line and had organized the 
force of men. As soon therefore as tlie instruments arrived the meas- 
uring operations were begun by me on July 28. The men had not been 
previously drilled in their duties, but gained the requisite skill and 
rapidity of manipulation as the measurement progressed. 

The base, including two extra measurements of the standard kilo- 
rtietre, was measured twice between July 28 and August 13. 

As soon as the measurement had been finished, the lengths of the 
rods were determined on the Standard 100-metre Comparator, the 
length of which had been found by Prof. E. S. Woodward, Assistant 
Coast and Geodetic Survey,' and the relation of the thermometer indi- 
cations to the actual temperatures of the bars was investigated. 

This report will therefore first treat of the results of this investiga- 
tion and its bearing on the length of the base, after which the details 
of the measurements of the base line and of the apparatus, will be 
described. 

COEFFICIENT OF EXPANSION OF THE MEASXTEIN& RODS. 

As will be seen by reference to the latter part of this report, this was 
determined at the office in May, 1891, between 0° and 37° centigrade. 
The temperature range was ample for a mean value, but the inter- 
mediate points were not sufQciently numerous to deduce the value of 
the expansion depending on the second power of the temperature. 
The results are : 

IJ.. 
For rod 14 the expansion = 58-509 per degree C. 

± -131 
For rod 13 the expansion = 58-861 per degree C. 

±•127 
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giving as the mean expairsion for the two rods 

58-7 per degree C. 
± -09 

LENGTH OP THE RODS. 

The lengths of the rods depend upon the five-metre steel bar No. 17 
whose length was determined at this office by Assistant Woodward, 
by comparing it with National Prototype Metre No. 21. In these com- 
parisons the Prototype as well as No. 17 was kept in melting ice. 

The resulting length of No. 17 was found to be at 

M- 

0° 0. = 5™ - 18-0 

± 0-8 

No. 17 is a line measure, while rods 13 and 14 are end measures. 
Before taking the latter into the field they were compared on three 
days with No. 17. The latter was kept in melting ice while Nos. 13 
and 14 were at, or very near, the temperature of the comparing vault, 
about 22°-2 C. 

The comparisons were made under microscopes, the pointings on the 
rods being made on the agate knife edge on the one hand, and on the 
other by pointing on the space between the direct and reflected images 
of a spider thread stretched across the plane end surface of the rod. ' 

These comparisons gave 

pi IX. 

Eod 13 = 5-" + 1278 i 4-0 

at 22'>-3 C. 
Rod 14 = 5-" + 1297 i 3-0 

It was subsequently found in the field that the knife edges and 
abutting surfaces were not in perfect contact while the bars were used 
for measurement, owing to the circumstance that the contact surfaces 
are not at right angles to the longitudinal axes of the bars. The effect 
of this mechanical defect was measured at Holton with considerable 
precision by means of a microscope mounted over the ends of the rods 
when in contact. 

The amount of this correction 30** when added to the above values 
gives for the combined length of the bars at 

22°-2 C 10™ + 2605 
± 5 
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A few (lays after tlie ineiisurement of the base had been finished, the 
standard 100-metre comparator was measured with this apparatus in 
order to deduce the combined length of the rods. 

The measurements used for determining the lengths are given in full: 



Date. 


Hour. 


Corr. temp. 


At 22° -2 re- 
sulting; length 
of 20 bars. 


Aug. 17 

17 
18 
18 
18 




il:OQ a. m. 24-47 
4:36 p. m. 27-76 
8:17 a. m. 23-32 
9:24 a. m. 23-74 
5:00 p. m. 28-52 

Mean at 22°-2 - 


m. mm. 
100 -(-26-18 
25-97 
25-97 
25-95 
26-23 


= 100 -f- 2606 



hence 



lA. 



at 22°-2 rod 13 + 14 = 10" + 2606 

± 4 

In view of this agreement with the office value, and owing to the 
relatively constant temperature night and day owing to cloudiness and 
rain, the results obtained on August 17 and 18 were considered suffi- 
ciently accurate, and further observations were discontinued until a 
change in the weather occurred on August 22; thereafter the daily 
temperature range of the air was much increased. Observations made 
on Aug. 22 and tlie two following days disclosed a difference between 
the observed and true temperatures of the bars, and in order to deter- 
mine its amount, a systematic series of comjjarisons at intervals of 
about two hours was carried out on August 26. 

Abstract of results. 









Leng:th of 


Computed lag 


Date. 


Hour. 


Obs, temp. 


2o bars reduced 

to 22'2*. 


of ther- 
mometers. 









///. mm. 





Aug. 26 


7:33 a. m. 


12-16 


1004-26-25 


-fo-i6 


26 


9:20 


14-19 


26-29 


+ -20 


26 


11:29 


16-85 


26-45 


+ -33 


26 


1:28 p. m. 


18-73 


26-45 ■ 


+ -33 


26 


3:26 


2032 


26-57 


+ -43 


26 


5:29 


21-48 


26-38 


+ -27 


26 


8:17 


*20-43 


25-72 


— 29 



*.FaUing temperature. 

The.lag, or the correction to the observed temperature, is computed 
from the known length of the combined bars as deterniiiied Augu.st 17 
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and 18, the knowu coefficieut of expansion and the lengths as deter-' 
mined August 26. 

It will be seen that during August 26 the thermometers indicated 
too low a temperature throughout the day while the temperature was 
rising, amounting on the average to 0°-29, say O'-SO centigrade, and 
that as soon as the temperature fell the conditions were reversed, the 
rods following the temperature of the air faster than the thermometers 
which again lagged 0°*3 behind. 

The result graphically delineated on the accompanying diagram 
(illustration No. 34) shows that the maximum lag corresponded to (it 
probably followed) the hour of maximum heat of the day and to the 
greatest difference between the air and bar temperatures. 

The curves also exhibit the range of temperature to which the bars 
were subjected during the twenty-four hours following the first obser- 
vation. 

Inasmuch as the measurements on which these results depend were 
made in the shade, that is, in the comparing shed, the question naturally 
presented itself what the relation between the indicated and true tem- 
peratures of the rods might be with the apparatus exposed to the sun. 

It was therefore decided to measure a section of the standard kilo- 
metre in the bright sunshine under circumstances which should be~ 
very similar to those uuder which the whole base was measured. 

An additional stone was therefore planted 100 metres south of the 
north end of the standard kilometre and the distance was measured by 
Prof. Woodward during his measures of the kilometre. 

On September 21 this distance was accordingly measured with the 
secondary apparatus 5 times, and on the following day 8 times, using 
the trestles and measuring exactly as in the base measurement, with 
the exception that the beginning and end of each 100 metre measure 
was referred to the section stones by means of microscppes and the cut- 
off apparatus. ^ 

The results of these measuxements may be discussed on two suppo- 
sitions: 

1. By giving equal weight to the four measures of the 100'° distance, 
made by Prof. Woodward, on this supposition, the distance = 100"' — 
6-04°°". 

2. By giving double weight to the 3d and 4th measures and this, 
because the 1st and 2d measures were made on the same day and not 
long after the 100 metre stone had been set, while the 3d and 4th 
T^^sures were made on different days and after the ground had dried. 

According to this supposition the distance is 100""— 5'99""°. 

Computing on supposition 1 the results of these measurements are 
as below given in detail and show an astonishingly high degree of pre- 
cision. They disclose the fact that the lag was rendered practtoallj'' 
iu»,' -iW© by tb© bright eunebine, amouotiwg to 0°*07i 
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The first table shows the length of the bars deduced from the 
observed temperatures and the distance as measured with the iced bar 
by Prof. Woodward, namely, lOO-"— 6-04""i. 

The second table shows the distance as oomi>uted from the observed 
temperatures and the adopted length of the bars derived August 17 
and 18. 

As the object of this measurement was to show the thermal behavior 
of the apparatus when subjected to conditions similar to those which 
prevailed during the measurement of the base,, and since the whole 
base was measured during rising temperatures, and nearly all of it 
during bright sunshine, the single measure made with falling temper- 
atures, September 21, 6 p. m., may be thrown out of the second table. 
The effect of throwing it out is to increase slightly the indicated lag ' 
of the thermometers, but to decrease the probable error of measure- 
ment, which then becomes only 1-1470000 for a single measure of the 
100-metre distance. 

Computing on supposition 2, based on the following iced bar meas- 
ures, namely — 

m. Weights 

100 — 6'24 I 
617 I 

583 2 
5-96 2 



Sept. 



•IS 
IS 
26 

3° 



Weighted mean loo — 5-99 

it appears that the error o:& the result of the measurement with the 
secondary apparatus amounts to — O-li™", in 100"°, or ytt2 56 of the 
distance. 

Table I. 



Date. 


Hour. 


Obs. temp. 


Length of 
20 bars at 22'°2. 


True minus 
indicated temp. 




%. 


m. 





m. 





Sept. 21 


9 


57 a.m. 


23-3 > 


100 -|- 26-26 


+0-17 




II 


28 


26-91 


26-21 


+ -13 




2 


40 p.m. 


3289 


26-19 


+ -" 




3 


S3 


34-29 


26-10 


+ -03 




[S 


00 


34-26 


*25S8 


[-•41] 


Sept. 22 


8 


05 a. m. 


20-41 


26-21 


+ -13 




9 


07 


22-77 


26-16 


+ -09 




lO 


06 


25-04 


26-30 


-|- -20 




II 


00 


26-75 


26-02 


— -03 




I 


32 p.m. 


30-83 


26-23 


+ -14 




2 


33 


32-13 


26-11 


+ -02 




3 


29 


32-89 


25-97 


— -08 




4 


24 


33-15 


25-99 


— -06 


Sept. 21, mear 


26-19 


+ -11 






Sept. 22, mean 


26-12 


-f- -05 


We 


ighted mean 


ioo-|-26'i4 


+ -07 



* Falling temperature. 
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Table II. 

The distance between stones as measured with the secondary apj)a- 
ratus, rods 13 + 14 = 10™ + 2606" at 22-2= O. corresponding to the 
dates and times giveu in Table I, becomes — 



m. mm. 


7'. 


ifi. 


100 — 6-24 


Oil 


•0I2I 


6-19 


•06 


■0036 


6-17 


•04 


•0016 


6o8 


■OS 


■0025 


[5-56] 






619 


•06 


•0036 


6-14 


■01 


•0001 


6-28 


■15 


■0225 


608 


■OS 


•0025 


6-21 


•08 


•0064 


6-09 


■04 


•0016 


5-95 


•18 


•0324 


S'97 


•i6 


•o2S6 


m. 






Mean 100 — 613 




•"45 


J- 018 







and for a single measure the p. e. — O-O/SS™"', or 1-1470000 of the dis- 
tance. 

As before stated, the distance found by Prof. Woodward is 
lOO"" — -6-04""" on supposition 1 and 100" — 5-99""" on supposition 2. 

MEASUREMENT OP THE STANDARD KILOMETRE. 

The standard kilometre, which is a part of the base line, was meas- 
ured four times during the progress of the base measurement proper. 

During these four measures the ground in the woods, that is over 
about 600 metres of the distance, was very wet and springy and unfavor- 
able for the stability of the trestles, which were set directly into the 
soft ground. 

After the ground had dried it was measured twice on September 24 
and 25. These six measures were made under about the same temper- 
ature conditions as those prevailing during the base measures except 
that the line over one-half of the kilometre passes through woods. 
This becomes important in view of the results of the measures made in 
the sunshine, since the shade would tend to create lag in the thermom- 
eters, for it has been shown that the average correction to the ther- 
mometers for lag, if the bars are shaded, amounts to about 0°'3 when 
the temperature of the a:ir is rapidly rising. 

It is therefore to be expected that the measures of the kilometre 
will not show as high a degree of accuracy as those made iu the aun- 
sbiue, owing chiefly to the uncorrected thenniU effect of the shade. 
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The results of the 6 measures of the standard kilometre are: 



Aiii; 



Sept. 



rem p. 


Resulting length, 


o 


/ii. 


mm. 


2J-86 


1000 


--0-6 


2675 




— S-2 


24-52 




— 9-2 


25-37 




-5-5 


2401 




— 3-9 


2618 




— 5-2 


Mean, looo 


— 4-9 






± -76 



and the probable error of a single measure = ±1-86 or 1-538000. 

The measures made on the 100-metre comparator and on the 100 
metres measured on the standard kilometre show that the lag or the 
correction to the thermometers becomes minus with falling tempera- 
tures, and that its amount approximates closely to 0°-3. 

Five detierminations made in the early part of the evening give a 
mean of 0°-44, but the average during a period of say 8 hours at night 
would probably be less, to judge from the curves on the morning of 
August 26, as shown on the diagram. 

To substantiate the conclusion that with falling temperatures the 
rods would be shorter than the length indicated by the thermometers, 
it became desirable to measure the standard kilometre under such con- 
ditions. As,, however, during the time alloted to the work, falling 
temperatures, during say 8 consecutive hours, could not be had with- 
out measuring at night, and as it was not deemed desirable to compli- 
cate the question of precision by night measures, an artifice was 
resorted to. 

The bars were exposed during the morning to bright sunshine until 
about noon. They were then carried into the woods to the middle of 
the kilometre and allowed to remain there in the shade for two hours, 
after which the measurement of the half kilometre was commenced. By 
the time the measurement extended outside of the woods the tempera- 
ture was falling rapidly and the sun's rays were feeble, it being near 
sundown. 

In this way one-half of the kilometre was measured in three hours 
on October 5, and the other half on October 6, gi-ving as the result.: 
Standard kilometre = 1000«'+2-0"». Since the true length found by 
Prof. Woodward is 1,000° — S^™™ the measurement is in error 5'4""", 
and if we ascribe the total error to the thermometer indications the lag 
amounted to — C-iT. 

LENGTH OF THE BASE. 

The computed length of the base without applying any correction for 
lag of the thermometers is 5500'80S"' i 3-a°"» wbere tUep, f, ificlu^ea 
that of the iwit employed, 
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The whole tfase was measured during rising temperatures and much 
the greater part during bright sunshine.' 

All the experiments show that under such conditions the bars are 
never shorter than the indicated temperatures imply, and that there- 
fore the result, if it is in error on account of thermometer lag, is too 
small. 

The experiments on the 100™ measured in the bright sunshine, Sep- 
tember 21 and 22, show that the lag on supposition 1, explained in pages 
7 and 8, amounts to about 1 part in one million, and on supposition 2 



to ToVs^) ^-^d it is therefore a fair inference that its effect on the whole 
base is of that order of magnitude, and that it should be applied to the 
uncorrected length of the base. Using the value 044""" per 100"' the 
measured length should be increased by 55 x 044 = 1^^^^, 

In order not to claim too high a precision for the length above given 
it seems safe to assert that its absolute error does not exceed its 
1-500000 part. 

An abstract of the results of the measurements of the base is 
appended : 



Section. 



S B to 240 



420 
600 



240 

420 

600 780 

780 980 

980 NB 



No. of 
, bars. 



240 
180 
180 
180 
200 



Corr. 
temp. 



26-27 
23-83 

26-80 
26-88 

25 62 
27-49 

22-18 
2799 

23-86 
26-75 
24-52 

25-37 
24-01 
26-18 

21-57 
31-23 



Resultinglength. 



fn. mm. 
I 200-|- 22-8 

21-2 

900 — 3'6-8 
32-9 

900-)- 62.6 
62-3 

900+ 17-4 
20-1 

I 000 — 0-6 

— 5-2 

— 9-2 

— 5-5 

— 3-9 

— 5-9 

600+743.7 
744-6 



First measure, 5 500-I-805 
Second measure, 810 



1—2 d. 


e=ilU. 


1-6 


•53 


3-9 


1-30 


0-3 


+ -lO 


2-7 


■90 




•76 


0-9 


-30 



-281 

1-690 
-010 

-810 



•S78 
-090 



Length of base, 5500+808 +7-7'"™ = 5,500.816". 
± 1-9 



The probable error of measurement without regard to constant errors 

is ± i-g™". 

^. JEx. 37—32 
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The probable error in the length of a 100-metre unit from compari- 
sons with the 100-metre standard is ± 0-04. 
The probable error of the 5-metre iced bar at 0° C = ± 0-0008, 
The probable error of measuring the 100-metre standard (August 
measurements) from Prof R. S. Woodward's determinations = i 0-018, 
hence the p. e. of the base arising from these values is 



55 V(0^()r8)^+(0-016f +(0-04)^=2-57" 
and the p. e. of the base is 



V(2-6)2+(l-9p=rt3-2'°». 

The reduction to sea level and the p. e. of the leveling (mean altitude 
of base line) remain to be incorporated. 

GENERAL CONCLUSIONS IN REGARD TO THE USE OF THIS APPARATUS. 

1. The average speed of measurements, including the time requisite 
for training the operators, may be taken at 1 kilometre per day of 
eight hours, on level ground, or on a uniform grade. With trained men 
the speed can be increased to 1-5 kilometres per day without detriment 
to accuracy. 

2. If the temperature of the bars were known, the accuracy of meas- 
urement would leave nothing to be desired. The probable error of a 
single measurement would then be about one part in a million. 

3. As usual the principal source of error is in the uncertainty between 
the indicated and true temperature of the bars. 

This relation depends on the range of the diurnal temperature to 
which the bars have been exposed, and its value must be subject to 
some uncertainty. It appears, however, that it is possible to assign 
the limits of error due to lag of the thermometers. 

The absolute lag of the thermometers can safely be taken to lie 
between and ± 0°-5 C. on the average in a day's measurement. 

Hence, if an error of one part in 340 000 shall not be exceeded, a 
single measurement with this apparatus will secure that degree of accu- 
racy if the following rules be observed : 

1. If the temperature is rising, apply a correction for lag of + 0°-25 
to the mean temperature of the thermometers tor the day, and a cor- 
rection of — 0°-25 if it is falling. 

2. If one-half of the day's measures are made during rising and the 
other half during falling temperatures, the mean may be taken without 
correction. 

3. If the measurement is made during hot weather and in the bright 
sunshine with rising temperatures, no correction need be made. 

It may also be pointed out that where it is possible the bars, if day 
measurement only is intended, should be protected as much as pos- 
sible against change of temperature at night. 
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MEASUREMENT OF HOLTON BASE, EIPLET COUNTY, IND. 

For description of base monuments and locality see Assistant A. T. 
Mosman's report, pp. 330, 331. 

The 5-metre contact slide rods Kos. 13 and 14 were used in this 
measurement. 

This apparatus Is of the usual pattern. It was made at the Coast 
and Geodetic Survey Ofllce and was completed in July, 1891. 

The measuring rods are of cylindrical steel, 5 metres long and 9""° 
in diameter, with the usual contact slides. The slide end of each rod 
carries a white agate knife edge 3°"" wide, the other a circular plane 
surface about S""™ in diameter. The index and slide piece of each rod 
have each three lines ruled on them. When the middle lines on the 
slide and index are in coincidence, the distance between the agate plane 
at one end and the knife edge at the other is the length of the rod. 

Each steel rod is encased in a built up wooden bar and rests directly 
in a longitudinal groove in its middle. The bars are 7 •5"°' wide, 14"" 
high, and 4*9 metres long, so that a length of about 10"™ of each rod is 
exposed to the air. 

Each rod carries two thermometers. They are inserted in opposite 
sides of the bar and are in contact with the rod and not with the wood. 
Each one is 1 metre from the end of the bar. 

The wooden bar in turn is surrounded with a white canvas cover 
lined with half an inch of cotton. 

THE TRESTLES. 

They are of the usual wedge and tripod pattern and are the same as 
those used in the Yolo base. Throughout all the measnrements, except 
those on the comparator, the trestles were used without foot plates, the 
legs being merely firmly stuck into the ground. 

THE SECTORS. 

The sectors are segments of arcs of circles. Each carries two (2) 
verniers 180° apart and is so graduated that the position in which the 
bar is horizontal reads nearly 20° on the front vernier. The verniers 
read to 10". Before beginning work the contact ends of each bar 
were put in a horizontal plane by means of a leveling instrument, theo- 
dolite, or engineer's transit. 

In general the sector errors were determined three times a day. 

Each sector was protected against the sun by a hood made of canvas 
stretched on a wire frame attached to the bar. 

During all the measures the two verniers of each sector were read by 
different persons. 
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THEEMOMETERS. 

The thermometers attached to the rods are centigrade divided to 
half degrees, and were read by means of a magnifying hand lens to 
tenths. 

They were made by H. J. Green, of New York, and were compared at 
the office in June, 1891, with Tonnelot thermometers 4655 and 4656. 
Bar 13 carries thermometers 1 and 2. 
14 carries thermometers 3 and 4. 
Galling that end of the bar on wWch the aligning telescope is 
mounted the front end : 

Thermometer 1 is on same side as the sector, rear end. 

2 is on opposite side of the sector, front end. 

3 is on same side as the sector, rear end. 

4 is on opposite side of the sector, front end. 
The maker's numbers corresponding to those given are — 

No. 1, 5009. 

2, 5604. 

3, 5606. 

4, 5616, 

On August 28 Green 5613 was substituted for 5616 (No. 4), the latter 
having been broken on that date after its zero point had been deter- 
mined. 

The corrections of these thermometers to reduce them to the hydro- 
gen scale were determined in June, 1891, to be as follows : 
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On August 28 the zero corrections to these thermometers were rede- 
termined. See Vol. II of the record, witli tbe following results : 
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ALIGNMENT. 

The bars were aligned during the measurement by bringing the rear 
end of the rod over the starting point or into contact with the forward 
agate of the rear bar and Iseeping it there while the forward end of the 
bar was aligned by pointing a small telescope on a signal usually 
mounted on the next section stone ahead. 

A small aligning telescope is mounted on each bar 25 centimetres 
from the front end. The base of the uprights carrying the telescope 
has a sliding motion on an arc of a circle concentric with the measuring 
rod. It carries a level, by means of which it can be clamped in a hori- 
zontal position in a vertical plane passing longitudinally through the 
rod. 

In order that the telescope may transit in this plane the adjusting 
screws of the base must be properly set. 

The adjustment was not made with satisfactory accuracy during the 
first measurement of the distance between south base and the fourth 
kilometre stone. On reaching this stone a second and more perfect 
adjustment was made. 

Subsequently the deviations from a straight line during this frac- 
tional part of the first measure were traced on the ground, and it was 
found that the error due to the deviation of the measured line from the 
base line amounted to not more than 1 part in 15 000 000, which can 
therefore be neglected. 

Experiments were made to determine the probable error of alignment 
of a single bar with the telescope adjusted as in the remainder of the 
measures and it was found to be 38". 

GROUND TRAVERSED. 

The greater part of the measurement was over grassy soil. Several 
plowed fields were crossed. 

The surface of the ground near south base is broken, and between 
the 3 000 and 3 900 metre stone it is also very irregular. The first four 
measures of the Standard Kilometre were made when the soil was wet 
and springy, but during the measures made on September 24 and Sep- 
tember 25 it was dry and hard. 

A distance of 200 metres at each end of the Standard Kilometre is in 
the open fields ; the remainder is in the woods. 

DUTIES PERFORMED BY MEMBERS OP THE PARTY. 

Prior to September 21, during the measurements, the bars were 
aligned by Prof. Gore, who also read the forward thermometer; the 
rear thermometer was read by Mr. Pennington; one vernier of each 
sector was read by Mr. Gjertsen, the other by Mr. Hayford, who also 
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kept the record and called attention to any apparent or real errors in 
the readings. After September 20 the alignments were made by Mr. 
Hayford. 

Throughout the work the contacts were made by myself, using a small 
lens magnifying 3 diameters. 

SECTION MAKKS. 

The base and its sections, excepting the Standard Kilometre, were 
marked by lines traced at right angles to the direction of the base on 
copper bolts set into stones. The ends and intermediate sections of the 
Standard Kilometre were marked by spherical-headed bolts, intended 
to be used in connection with a so-called cut-off apparatus. 

This apparatus consists of an upright cylinder having a conical recess 
at its foot, which fits over the spherical bolthead. The cylinder can 
be revolved about its upright axis, and any deviation from verticality ■ 
is measured by means of an attached spirit level. On top, and at right 
angles to its vertical axis, the cylinder carries a scale di^^ded into mil- 
limetres, to which an object over it can be referred, and which gives its 
relation to the geometrical center of the bolthead. 

In starting, the slide was usually clamped in coincidence with the 
index, and the knife edge was brought over the starting point by means 
of a theodolite or transit sector mounted at right angles to the base 
line. 

When stopping for lunch, a line traced on a copper tack in a stub in 
the ground served as a reference mark. 

The record of the measurements of the Holton base line with 5-metre 
contact slide rods Nos. 13 and 14 is contained in 3 volumes. Volume I, 
pages 1 to 230, and Volume II, pages 1 to 68, contain the record of the 
base measurement proper, including two extra measurements of the 
Standard Kilometre. 

Volume II, pages 71-158, contains determinations of the length of 
the rods in terms of the 100 metre comparator. For description and 
details of this comparator, see Assistant E. S. Woodward's report. 

LENGTH OF THE RODS. 

The length of the rods was determined immediately after the base 
measurement by measuring the distance between the ends of the stand- 
ard 100-metre comparator. The legs were taken off the trestles and 
the tripod heads carrying the wedges were screwed on substantial 
boards, which fitted across the track prepared for the iced bar carriage. 

In starting, the slide of the bar was clamped to coincidence. The 
knife edge was brought under a microscope mounted over one end of 
the 100-metre comparator, and a pointing was made with the microscope 
on the knife edge. The axis of the microscope was referred to the end 
mark by means of the cut-oft' apparatus. 
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The measurement of the distance was then carried on as usual, expept 
that the tripod heads rested in the track, as above described. On 
reaching the other end of the comparator, where another microscope 
and cut-off apparatus were mounted, a spider thread was stretched 
over the plane surface of the agate of the rod, and the microscope 
pointing was made on the space, which was never more than about 20 
microns in width, between the direct and reflected image of the thread. 

For the deductions drawn from these and other determinations of the 
length, see my report to the Superintendent. 

Pages 159 to 162 of Volume II contain the determination of the cor- 
rection to the zero points of the thermometers attached to the base rods. 

Pages 188 and 189 furnish a determination of the error of contact 
which results from the fact that the agate planes are not at right angles 
to the axis of the rods. 

This error of contact affects the length of the rods when separately 
determined under microscopes, but does not affect their combined 
length deduced on the 100-metre comparator. 

LAft OF THERMOMETERS. 

Volume III, pages 4 to 31, contain a number of measures of the first 
hundred metres of the Standard Kilometre made in the bright sunshine 
in order to determine the effect of the sunlight on the lag of the ther- 
mometers attached to the rods. 

In these measurements the rods were used on the trestles in the usual 
manner, but at the beginning and end of the 100-metre distance a 
microscope was mounted and the cut-off apparatus was used in the 
same manner as on the standard 100-metre comparator, as previously 
described. 



